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L consumers/workers - inelastic supply, no capital

Single (non-tradable) final consumption good, quantity per capita is c,

price p
Value of total consumption (GDP) is Lpc

Continuum of tradable inputs in [0, 1] used
via a CES withn > 1,

q = [/01 g(u)' M du

to produce a composite input

]77/(771)



e This composite input together with labor is used to produce the final good
according to a CD production function with labor share «,

c = s?c‘qf_

e Inputs are produced with a CD production function with labor and the
composite input,

g(u) = z(u) "s(u)’ gm(u)t ="



Figure 1. The Production Structure
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e Here x is a cost parameter, iid across u with z ~ exp(\)

e Instead of u, we keep track of goods by z,

¢ = [\ [T e M@ e 1=

gz) = 2 () gm(x)t"

e Resource constraints:
+ — + A\ AT dr = 1
S S S / e "slx)dx
f m f 0 ( )

2z
qr +am = Qf+>\/0 e “q(z)dr =g



e Cost minimization for ¢, ¢, and g(x) implies

pLl = )\/OOO e Mp(z) " dz with ¢(z) = (M

Pm

p = f(w,pm) = a1 — o) I-¥)yapl-a

p(z) = g(w, pm) = BxPwPpl-P

e For future reference, note that from (2) can get

LA ()

whereas from (3) can get

qgg =" (1%) (%)

K



e Plugging (3) into (1), using change of variable z = Az, and solving for
Pm In terms of w yields

Pm = (AB)l/B)\_Q/Bw (6)

where

A=TA+0(1—n)YAD and 146001 —n) >0

e Plugging this into (2) yields
p=a Y1 - oz)_(l—a)(AB)(l—a)/ﬁ)\—9(1—a)/5w (7)
and into (3) yields
p(z) = AL=P)/Bp1/By05\~0(1-5)/8,, (8)



e Now we have py,, p(x), and p as multiples of w. This completes determi-

nation of prices.

e Note that ¢ = w/p = a®(1 — a)(1~0)(AB)~(1-a)/B\0(1-a)/B

e Now determine quantities: allocation of labor to the final good and inputs,
and same for ¢q. The value of production of the composite good is equal
to spending on labor (wsy,) and inputs (pmagm):

and hence

wWSm + Pmgdm = PmQq
w(l —s¢) + Pmgm = qfPm + gmPm
w(l_sf) = 4fPm
1 — S _ Pm
w

qaf



e Using this together with (4) (i.e., Z—f = ( - ) (pm) ) yields

¥ 1—« w

Sf o

1-sf l-a
and hence,
sp=a
From (9) then
qr = (1— a)(AB)1/P\0/P

whereas from (5) get

gm = (1 — o) <%) (AB)~1/P)\0/P



Now we allow for international trade

n countries indexed by %, possibly differing in \;, L;

Notation: L = (L1,...,Ln), A = (A1, ..., An), w = (w1, ..., wn)

Transportation costs: a unit of a good sent j to 7 results in k;; < 1 arriving

In 7

Thus, k;; = 1/d;;. Also, if unit production cost of a good is ¢ in country
7 then the cost of a unit in country ¢ would be c/kij so that producer

receives c.



Assumptions: k;; = 1, symmetry (k;; = kj;), and the triangular inequal-
ity,
k” 2 kzkkk] for all i,j, k

Tariffs: w;; is the fraction of each dollar spent in ¢ on goods made in j
that arrives as payment to a seller in j

Note that this affects costs in the same way as transportation costs: if unit
production cost of a good is ¢ in country 5 then the price of that good in
country 4 would be c/k;;w;; so that producer receives c.

How does w relate to the ad-valorem tariff 77 If exporter charges p then
domestic consumers pay (1 + 7)c/k = ¢/kw, hence

l+7=1/w



e Now we keep track of goods as = (1, ..., xn), and

B 1-
w.p._ .

pi(z) = B min ng—mj
J kijjwiy

e Letting ¢(x) be the joint density of x, then

n/(n—1)
q; =

[, 6@ g(a)da

and

P = [, pi(@) (@) da



o Let

g 1-p
zezmjn CU? J~ J
J ij“Wij

e Note that (1) if x ~ exp(\) and a > 0 then axz ~ exp(A/a), and (2) if 21
and x5 are independent, and z; ~ exp(A;) then min{z;} ~ exp(A1+ A2)

e This implies that z ~ exp();), where

1— —1/6
’wfpmjﬁ

kz-jwz-j

Aj

i=) i and ;=
J



e Leaving aside the ¢ subscript for now, this implies that

Pt = (B

e Letting u = B~ 1/%) and using v = (v/u)z then
Bz = B (vp/v)’ = (/)" (vp/ )" = 0"
and hence p}n_n = ,ufve(l_”)e_m’dv. Using t = pv and A from above
then pfn_,i?7 = ,u_e(l_“)Al_”, SO

—0
Pmi = AB (Z %;j)

J



e \We have
~1/6 \ ¢

Aj (10)

B, 1-
W; Pmyj &

Pmi = AB Z Lo
7%

J

e Thisis a system of n equations in prices p,,1, ..., Pmn , giving us an implicit

function py,(w), analogous to the closed economy result that py,(w) =
(AB)Y/BX=0/By.

e We can check that this is what we would get by letting k;;w;; — 0 for all
v % 7, which vyields

an—1/0 7
Pmi = AB ((wiﬁpmil 7) Ai)

o (AB)\;H) /B w;

P



e The next step is to obtain a system of equations for w = (w1q,...wn).
Here we use the trade-balance conditions.

e Let D;; be the share of expenditure on tradables in country 7 that is spent
on goods from 5. From EK-kind analysis we know that

D;; = %‘j‘
Dk wzk

e Using the definition of 1);; and (10) then

6 1-p\ —1/6
(%pmj ) Aj 8

ijWij

o\ —1/6
— (AB)™ /¢ wjPmj(w) " A

(wfpiﬁf ) e Pmikijwij !

Dyj(w) =




e Firms in country ¢ spend L;p,,;q; on tradables, but the country spends
Lipmiqi 22 Dijwij, whereas it receives ., L;pp,q;Dj;wj;, hence trade
blance is

Lipmi(w)q; Fi(w) = Z Ljpm;(w)q;Dji(w)w;; (11)
J

where

Fi(w) = Z Dyj(w)wg;j
J

IS an average tariff.

e This is a system of equations in w and qq, ..., gn. Now we need to solve
for the ¢'s in terms of w.



e We have the following two key equations from the demand for labor and the
composite intermediate good in the production of final and intermediate

goods:
3fi _ ( a )pm’i (12)
qfi l—a/ w;

and
Imi 1-5) w;

Moreover, given that total cost of tradeables must equal the value of those
tradeables, then

Liwismi + Lomidmi = ) ; LjPmjdjDjiwji (14)
But using the trade balance condition and dividing both sides by L; we
get our third key equation,

WiSmi + Pmidmi = PmidiFi (15)



Plugging 13 into 15 we get

p
(ﬂ Pmidmi + Pmidmi = Pmiqili
from which we get
Gmi = (1 — B)ai F; (16)
and using qpm; + qf; = q; we get

qfi = qi(1 — (1 — B)F;) (17)
Plugging back into 15 we get w};‘smz = Bq;F;. Using sg; + sy = 1, this

mi
implies

wi(l — s¢;) = BPmiqiFs (18)



From 12 and 17 we get

«

wisgi = (o) pmia(1 — (1 = B)F) (19)

1l — «

and from 18 and 19 we get w;ss; = ( @ ) (wl(;}jﬁ)> (1 —(1—B)F;).

l—-«o

Solving for s ¢; we finally get

_ a1-(-pF)

"' (1-)BF +a(l- (1-B)F)

which is equation (3.16) in Alvarez-Lucas. This can also be written as
o —a(l - B)F;
o — (a— B)F;
This is equal to « if F; = 1, and also decreasing in F}, so that if F; < 1, then
sr; > o tariffs lead a country to use more labor directly in the production of

Sfi:

final goods.



From (18) we get
w;(1 — s¢;)
BF;
Plugging this into the trade balance condition and simplifying yields

Liwi(l sz(w)) _Z 7 (FJ(Sf;(w)) ]Z(’w)wjz

Pmiq:; —

Alvarez and Lucas then express thls as an excess demand system,

1 — spi(w))
Zi(w) = Z_ j FJ( oy Dailwlwi = Liwi(L = sgi(w))
The equilibrium w is the one where Z(w) = 0. Given a solution w, then

pm(w), D(w), F(w), s¢(w) and then obtain g¢(w) and gm(w) from equa-
tions 12 and 13.



