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� Stylized facts regarding �rms and exports: few �rms export, exporters
sell most of their output domestically, exporters have higher measured
productivity, exporters have larger domestic sales.

� Two models have been proposed: Ricardian models (BEJK) with Iceberg
transportation costs and Monopolistic Competition (Melitz) with �xed
costs of exporting.

� It is important to know which model is better, or whether we need elements
of both. For this, we need a combined model.



� Data on French �rms (manufacturing, 1986) exports across destinations
and in the domestic market.

� Consistent with BEJK, �rms that sell in more markets sell more in
France.

� But more French �rms sell in larger markets... variety of imports in-
creases with market size. We need variety to be endogenous, adding
�xed costs.



The point of departure is that now the measure of goods is J , so zi(j) comes
from

Fi(z) = Pr [Zi � z] = exp
h
�(Ti=J)z��

i
and the measure of goods that can be produced in country i with Z � z is

J
n
1� exp

h
�(Ti=J)z��

io

Later they show that if J = 1 and no �xed costs then this collapses to EK
2002 whereas if J ! 1 then this collapses to monopolistic competition like
Melitz or Chaney.



The distribution of costs is

Pr [Cn � c] = 1� exp
h
�(�n=J)c�

i
and the measure of goods that are potentially supplied to a country n at a cost
less than c is

�n(c) = J
n
1� exp

h
�(�n=J)c�

io

Fixed costs for good j in market n are independent of source and given by

En(j) = En"n(j)



Preferences are CES with 1 < � < 1 + � so

Xn(j) = �n(j) (pn(j)=Pn)
1��Xn

and

P 1��n =
Z J
0
�n(j)pn(j)

1��dj

Note that just as "n(j), �n(j) is a shock that is speci�c to a good in a
destination market, but independent of source.

Because of the �xed cost, only the �rm with the lowest cost in country n
will enter (if it does), so it can behave as a monopolist, charging mark-up
m = �=(� � 1). The unit price is then pn(j) = mcn(j) if good j is sold in
country n.



Entry will take place as long as pro�ts (Xn(j)=�) are larger than the �xed
cost. This entails

�n(j) (mcn(j)=Pn)
1��Xn � �En"n(j)

Using �n(j) = �n(j)="n(j) and xn = Xn=�En this is

�n(j)xn � (mcn(j)=Pn)��1

Given �, entry happens if

cn(j) � �cn(�) � �1=(��1)�cn

where

�cn = x
1=(��1)
n Pn=m (1)



Integrating across the range of costs in any location n , and assuming �rst that
� and � are �xed, then the price index is

P 1��n = m1��
(Z �cn(�)
0

�c1��d�n(c)

)
Imagine now that � is a random variable with density f(�), independent of c,
then P 1��n is equal to

m1��
(Z  Z �cn(�)

0
�c1��d�n(c)

!
df(�)

)
= m1��

(
E[�]

 Z �cn(�)
0

c1��d�n(c)

!)
Allowing for � to be random as well, then since � and � are not independent,
then

P 1��n = m1��
8<:E�

24E[� j �] Z �1=(��1)�cn
0

c��� exp
h
�(�n=J)c�

i
��nd(c)

359=;
(2)



We have two equations in two unknowns: �cn and Pn in equations (1) and (2).

The �rst equation has �cn increasing in Pn because a higher Pn implies higher
sales for any given cost, hence the maximum cost with positive pro�ts is higher.

The second equation has Pn decreasing in �cn because a higher cost implies
more �rms will make positive pro�ts, hence variety will be higher.

In equilibrium Pn is a¤ected by two things: variety and costs. Costs are cap-
tured by �n. To capture variety, EKK de�ne a new variable, ePn, as

ePn = (Pn=m)1���1�e�n

where e� � �=(� � 1)



Combining equations (1) and (2) yields (to simplify, in this derivation I assume
that � = � = 1, but the extension is straightforward)

(Pn=m)
1�� =

Z (�xn)1=(��1)Pn=m
0

c��� exp
h
�(�n=J)c�

i
��ndc

Using s = �nc
� implies ds = �n�c

��1dc so ��ndc = c
1��ds, so

(Pn=m)
1�� =

Z �nh(�xn)1=(��1)Pn=mi�
0

c��� exp [�s=J ] c1��ds



Using ePn = (Pn=m)
1�� ��1=

e�
n we get (Pn=m)� =

�
�
1=e�
n

ePn��=(1��) and
hence

�n
h
(�xn)

1=(��1) Pn=m
i�

= �n (�xn)
e� (Pn=m)�

= �n (�xn)
e� ��1=e�n ePn��e�

=
�
�xn= ePn�e�

so

(Pn=m)
1�� =

Z ��xn= ePn�e�
0

c1�� exp [�s=J ] ds



But c = (s=�n)
(1��)=� = (s=�n)

�1=e�, hence
(Pn=m)

1�� = �1=
e�

n

Z ��xn= ePn�e�
0

s�1=
e� exp [�s=J ] ds

so using again ePn = (Pn=m)1�� ��1=e�n we �nally get

ePn = Z ��xn= ePn�e�
0

s�1=
e� exp [�s=J ] ds



Now use t = s=J and get

ePn =
Z ��xn= ePn�e�=J
0

(tJ)�1=
e� exp [�t] Jdt

= J1�1=
e� Z ��xn= ePn�e�=J
0

t�1=
e� exp [�t] dt

= J1�1=
e�� 1� 1=e�; ��xn= ePn�e� =J

!

where �(a; x) =
R x
0 t

a�1e�tdt is the incomplete gamma function. This is
equation EKK-9 when � = " = 1.



This de�nes a function ePn(xn), which then allows us to write Pn as
Pn = m

h ePn(xn)i�1=(��1) ��1=�n (3)

Note that the relationship between Pn and �n is the same as in EK 2002. So
gravity is still as in EK 2002.

More importantly, the gains from trade are exactly as in EK 2002.



The measure of entrants given � is

J

�
1� exp

�
�(�n=J)�

e��c�n��
But using equation (3) then �cn = x

1=(��1)
n Pn= �m implies

�c�n = x
e�
n
eP�e�n ��1n

and hence the measure of entrants is

J

�
1� E� exp

�
�(�n=J)�

e�xe�n eP�e�n ��1n

��
(4)

= J

(
1� E� exp

"
�
�
�xn= ePn�e� =J

#)



Conditional on entry, suppliers from all countries have the same cost distribution
in market n, so (given common mark-up) they have the same distribution of
prices.

The share of Xn allocated to country i is then �ni.

Moreover, since on average all �rms that enter a market are the same, then
�ni = Jni=Jn, and Jn = Jni=�ni, which will be used later.

Ricardian model. If there are no �xed costs and J = 1 then taking cn ! 1
in equation (2) and assuming � = 1 yields the equation for Pn in EK 2002
(using m = 1).



Monopolistic competition. Now consider J ! 1. To see the
implications of this, note that EKK-9 can be written as

ePn = E�
2664E[� j �]J1�1=e� Z

�
�xn= ePn�e�=J

0
t�1=

e�e�tdt
3775



But applying L�Hopital�s rule we get that

lim
J!1

J1�1=
e� Z ��xn= ePn�e�=J
0

t�1=
e�e�tdt

= lim
J!1

�
�
�xn= ePn��1 J1=e�e�

�
�xn= ePn�e�=J �

�xn= ePn�e� J�2
�
�
1� 1=e�� J�

�
1�1=e���1

= lim
J!1

e
�
�
�xn= ePn�e�=J �

�xn= ePn�e��1
1� 1=e� =

�
�xn= ePn�e��1
1� 1=e�



Plugging this above we get

ePn = E�
2664E[� j �]

�
�xn= ePn�e��1
1� 1=e�

3775 = a1
�
xn= ePn�e��1
1� 1=e�

where

a1 � E�
�
E [� j �] �e��1�

This implies

ePn = �
1� 1=e���1=e� a1=e�1 x

1�1=e�
n

Finally, using Pn = �m eP�1=(��1)n �
�1=�
n , and noting that 1=e�(�� 1) = 1=�,

we get EKK-12, or

Pn = �m
�
1� 1=e��1=� a�1=�1 x

�(1�1=e�)=(��1)
n �

�1=�
n



The cuto¤ �cn can now be obtained from �cn = x
1=(��1)
n Pn= �m, so using EKK-

12 we get

�cn = x
1=(��1)
n

�
1� 1=e��1=� a�1=�1 x

�(1�1=e�)=(��1)
n �

�1=�
n

=
�
1� 1=e��1=� �a1�n

xn

��1=�
Note: I think there is a typo in EKK-13.



The measure of entrants with cost less than or equal to c can be obtained from

J
n
1� exp

h
�(Ti=J)z��

io
by taking the limit as J !1, to get (applying L�Hopital�s rule)

�1n (c) � lim
J!1

�n(c) = �nc
�

To obtain the measure of entrants in market n in equilibrium, we can do it two
ways. First, one can simply use E��1n (�

1=(��1)�cn), which yields

Jn = E��n�
e� �1� 1=e�� �a1�n

xn

��1
=

�
1� 1=e��xnE� ��e�� =a1

Note: I think there is a typo in EKK-15.



To check this result, one can apply a slightly di¤erent procedure and take
J !1 in the expression for Jn (equation 4 above or EKK-10) to get, applying
L�Hopital�s rule,

lim
J!1

1�
R
e
�
�
�xn= ePn�e�=J

df(�)

J�1

= lim
J!1

�
R �
�xn= ePn�e� J�2e�

�
�xn= ePn�e�=J

df(�)

�J�2

= lim
J!1

Z �
�xn= ePn�e� e�

�
�xn= ePn�e�=J

df(�)

=
�
xn= ePn�e� Z �e�df(�)

=
�
xn= ePn�e�E(�e�)



But from

ePn = �
1� 1=e���1=e� a1=e�1 x

1�1=e�
n

we see that �
xn= ePn�e� = x

e�
n

�
1� 1=e�� a�11 x

1�1=e�
n

=
�
1� 1=e��xn=a1

and hence we �nally get that

Jn =
�
1� 1=e��xnE(�e�)=a1



A special case with no preference or �xed cost shocks. This entails �n(j) =
"n(j) = 1 for all n; j. De�ne �cni = �cn=dni and rank �cni across n as

�c
(1)
i � �c

(2)
i � ::: � �c

(k)
i � ::: � �c

(N)
i

Any �rm that sells in k � th ranked market has a domestic cost c below �c(k)i
which is also below �c(k

0)
i for all k0 < k. This implies a hiearchy of markets.

The sales distribution. Let Fn(x) = 1 � Pr [X � x j X � �En]. We know
that X = (mc=Pn)1��Xn, hence X � x is equivalent to

( �mc=Pn)
1��Xn � x

Xn=x � ( �mc=Pn)
��1

c � (Xn=x)
1=(��1) Pn= �m

Thus (note typos in EKK),

Fn(x) = 1�Pr
h
c � (Xn=x)1=(��1) Pn= �m j c � (Xn=�En)1=(��1) Pn= �m

i



But we know that the measure of entrants with cost less than or equal to c is
�nc

�, thus for x � �En we have

Fn(x) = 1� �n (Xn=x)
e� (Pn= �m)�

�n (Xn=�En)
e� (Pn= �m)�

= 1�
�
x

�En

��e�
which is a Pareto distribution starting at �En with shape parameter e�.
This implies that means sales are

�xn =
�En

1� 1=e� (5)

Entry. The measure of �rms selling in market n is then

Jn = Xn=�xn =
�
1� 1=e��xn



Sales in a Market and Number of Markets Served. Let J(k)ni be the measure of
�rms from i selling in market n that also sell in at least k less popular markets
than n, and let x(k)ni be the minimum sales in market n of those �rms.

From the sales distribution above we know that

J
(k)
ni = J

(0)
ni

0@x(k)ni
�En

1A�e�

and hence

x
(k)
ni = �En

0@J(k)ni
J
(0)
ni

1A�1=e�



This implies that the mean sales in market n of �rms from i selling to at least
k less popular destinations than n is x(k)ni =

�
1� 1=e��, or EKK-18:

�x
(k)
ni =

�En�
1� 1=e��

0@J(k)ni
J
(0)
ni

1A�1=e�

This is a precise relationship between a �rm�s sales in any given market and the
number of less popular markets it sells in.



Focusing on French �rms, EKK note that for a �rm to sell in market n, it has
to pass to hurdles.

First, the entry hurdle, which entails

X�n(j) = �n(j)

 
mcnF (j)

Pn

!1��
Xn � �En"n(j)

where cnF (j) = wFdnF=zF (j).

Second, the competition hurdle, which is

cnF (j) < min
i6=F

fcni(j)g

Note that a �rm can pass the competition hurdle and still not enter if pro�ts
are negative. Similarly, a �rm can pass the entry hurdle but not enter because
another �rm has a lower cost for that good.



Quanti�cation I: Monopolistic Competition with no Shocks

The hierarchy of markets is violated because there are �rms selling in the k-th
most popular market that do not sell to all the �rst k markets.

For example, many exporters do not export to Belgium, which is the most
popular destination for French exports. But this works roughly - Figure 1. So
it makes sense to check the other implications of the model.

Figures 2a plots the following relationship

�x
(k)
ni =

�En�
1� 1=e��

0@J(k)ni
J
(0)
ni

1A�1=e�

in logs and for n = F . It is linear, as it should be, and allows an estimation
of e� = 1:5. Figure 2b plots the same thing but for the measure of �rms selling
to the k-th most popular destination.



Recall that �xn = �En=(1 � 1=e�) is the average sales in market n , and that
�xnF = �xn. Thus, EKK use

(1� 1=e�)�xnF
with �xnF = XnF=JnF as a way to estimate �En.

This is plotted in Figure 3 against total market size Xn (manufacturing ab-
sorption) on a log scale.

The relationship is linear, with slope of 0:36, which suggests that larger markets
have higher entry costs.



Recall that

Pn = �m
�
1� 1=e��1=� a�1=�1 x

�(1�1=e�)=(��1)
n �

�1=�
n

This establishes a relationship between the price index and adjusted market size,
xn = Xn=�En. Using (1 � 1=e�)�xnF = �En, and e� = 1:5, the component
related to xn is  

Xn

(1� 1=e�)�xnF
!�1=3(��1)

A missing Figure (not Figure 4) plots this against market size Xn on a loga-
rithmic scale. Presumably it shows that larger markets have lower prices thanks
to more variety.

This e¤ect is attenuated by heterogeneity. With � =? the elasticity is �0:046,
while with no heterogeneity (� < 1) this would be �1=(� � 1), which is 3
times larger.



The distribution of sales in any given market is given by

Fn(x) = p = 1�
�
x

�En

��1:5
for x � �En

Figure 4 plots

1� p =
�
x

�En

��1:5
in logs (averaged for three groups of countries according to whether French
�rms are small, medium or large).

It should be linear, but this is violated at the lower end of the distribution.
Instead of ending at x = �En it appears to continue towards smaller sales.

Moreover, the slope at upper end is too step, with a slope closer to �1 rather
than �2=3 - so model understates "curvature" in sales across �rms.


