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Output is produced from human capital and land accord-
ing to

Yt = (htltLt)
� (AtXt)

1��

Using xt = AtXt=Lt then we can write

yt = (htlt)
� x1��t

No property rights over land so

wt = yt=htlt = (xt=htlt)
1��

Preferences over consumption and quantity and quality
of children,

ut = c
1�

t (ntht+1)




with the constraint that ct � ec > 0.



Time budget constraint is

lt + nt(� + et+1) � 1

Multiplying by wtht we get

wthtnt(� + et+1) � (1� lt)wtht
Since ct � wthtlt then using zt � wtht we can write

wthtnt(� + et+1) + ct � zt
or

ct � wtht(1� nt(� + et+1))



Letting

gt+1 =
At+1 �At

At

it is assumed that human capital depreciates faster with
gt,

ht+1 = h(et+1; gt+1)

with

he > 0, hee < 0, hg < 0, hgg > 0, heg > 0,

h(0; 0) = 1; he(0; 0) = 0, and lim
g!1h(0; g) = 0



The optimization problem for members of generation t is

max
nt;et+1

(wtht(1� nt(� + et+1))1�
 (nth(et+1; gt+1))


subject to

wtht(1� nt(� + et+1)) � ec
(nt; et+1) � 0

Playing with F.O.C. implies that if consumption con-
straint is not binding then

nt(� + et+1) = 


while otherwise c = ec, which implies that
1� nt(� + et+1) = ec=zt

=) nt(� + et+1) = 1� ec=zt



The consumption constraint is not binding as long as

zt(1� nt(� + et+1)) � ec
or

zt � ez � ec
1� 


If z < ez then we have a corner solution and as z increases
c stays �xed at ec while nt(� + et+1) increases towards

. After z � ez then nt(�+et+1) stays at 
 and c grows
proportionally with z,

ct = zt(1� 
)



What about the composition of nt and et+1 given nt(�+
et+1)? The F.O.C.�s imply that

he(et+1; gt+1)

h(et+1; gt+1)
=

1

� + et+1

This yields a function et+1 = e(gt+1) with e(g) = 0 for
g � ĝ and otherwise e0 > 0 and e00 < 0. Here we have

he(0; ĝ)

h(0; ĝ)
=
1

�

Note in particular that et+1 does not depend directly on
zt.

We now have

nt =

8><>:



�+e(gt+1)
� nb(gt+1) if zt � ez

1�[ec=zt]
�+e(gt+1)

� na(gt+1; z(et; gt; xt)) if zt � ez
where

zt � wtht = (xt=h(et; gt))
1�� h(et; gt)

= x1��t h(et; gt)
� � z(et; gt; xt)



Some observations:

1. An increase in gt+1 reduces nt and increases et+1
- higher growth leads to higher quality and lower
quantity of children

2. If consumption constraint is binding then an increase
in zt increases nt but has no e¤ect on et+1

3. If consumption constraint is not binding then an in-
crease in zt has no e¤ect on nt or et+1



Finally, it is assumed that technological progress depends
on human capital and population,

gt+1 = g(et; Lt)

with g increasing and strictly concave and g(0; Lt) = 0

for some positive Lt.

Let�s focus �rst on the Malthusian steady state, which
has et = 0, ct < ec, and gt+1 = g(0; Lt). But what is
happening with xt and Lt?



We know that Lt+1 = ntLt and

nt =
1� (ec=zt)

�
so

xt+1 =
[1 + g(0; Lt)] �

1� ec= hx1��t h(0; g(0; Lt))�
ixt

For Lt su¢ ciently low g(0; Lt) = 0 hence h(0; g(0; Lt)) =
1 so

xt+1 =
�

1� ecx��1t

xt

This implies that steady state x is given implicitly by

� = 1� ecx��1
All variables would be stagnant here and there would be
no take-o¤ to modern growth.



Is this stable? The derivative of xt+1 = f(xt) is

f 0(xt) =
�

1� ecx��1t

+ (�� 1) �xt�
1� ecx��1t

�2ecx��2t

Evaluated at the steady state this is

f 0(x) = 1� 1� �
�

ecx��1
= 1� 1� �

�
(1� �)

For stability we need

�1 < 1� 1� �
�

(1� �) < 1

The RHS is obvious, while the LHS entails

�2 < �1� �
�

(1� �)
or

2� > (1� �) (1� �)

For this to be satis�ed for all � need � > 1=3.

Assume instead that g(0; 0) = 0. Then the we will have a
"conditional" (on L) steady state, but Lt will be growing
over time.



Now disregard the ct � ec constraint. We know that
Lt+1 = n

b(g(et; Lt))Lt �



� + e(g(et; Lt))
Lt;

et+1 = e(g(et; Lt));

and

xt+1 =
g(et; Lt)

nb(g(et; Lt))
xt:

Note that an increase in et implies a higher g, which in
turn implies a (weakly) higher et+1.

The assumptions made imply that for low L there is a
unique level of e s.t. e = e(g(e; L)) given by e = 0,
whereas for high L there is a unique but positive level of
e s.t. e = e(g(e; L)). These two �xed points are stable.

For intermediate range of L there are three such �xed
points. One such point has e = 0. The middle point is
unstable in the sense that e0(g(e; L))ge(e; L) > 1.



For high enough L but for et lower than the "good"
steady state level of e the equilibrium entails an increasing
et while population growth is falling because

nb(g(et; Lt)) =



� + e(g(et; Lt))

It�s not clear what happens in the limit.

As long as g(0; 0) = 0, the system has a built in mecha-
nism to take us from the Malthusian "conditional" steady
state to the era of modern growth, undergoing a demo-
graphic transition in the process.


