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Abstract

I develop a behavioral notion of stochastic independence. This notion builds on
the idea that a decisionmaker who is indifferent between a bet on some event G
and a constant payment x, should be indifferent between x and an act according
to which the bet is played only when a stochastically independent event E occurs
and z is being paid otherwise. Considering only preferences that can be represented
by maxmin expected utility functions following Gilboa and Schmeidler [10], I show
that an event F is independent of an event GG according to this notion, if and only
if the set of prior beliefs on G is equal to the set of all Bayesian posterior beliefs on
G when updating with respect to . Refinements of this notion are discussed and
characterized. I compare this notion to an alternative notion of independence that
builds on the idea that E is independent of G if and only if updating with respect
to G' does not change the agent’s evaluation of . I argue that the criterion that
learning an event F that is independent of G should not change the preference over

any two bets on G should be added to the list of desiderata for updating rules.
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1 Introduction

Two events E and G are considered independent, if the event G occurs no more or less of-
ten when E occurs as well, as it does unconditionally. In probability theory this condition
translates without much philosophizing to the condition that the two events are indepen-
dent if and only if the probability of both occurring can be calculated as the product of
the probabilities of E' and G occurring, formally 7(E N G) = 7(E)7(G). Independence is
a simple concept as long as we assume that decision makers base their decisions on proba-
bilities. This changes dramatically once we leave the world of probabilistic sophistication.

Consider the following example of two Ellsberg urns, the first of which containing
10 blue and yellow balls, the second containing 7 red and green balls. Label the event
that a blue ball is drawn from the first urn and the event that a green ball is drawn
from the second urn E and G respectively. Consider a decisionmaker that has to choose
among different payoff schemes that are all based on draws from the two urns. If the
decisionmaker’s preferences have an expected utility representation with a probability m
on the state space, then we should expect that the decision maker assigns probability
7(E)7(G) to the event that a blue ball is drawn from the first urn while a green ball is
drawn from the second urn. This seems reasonable as the two urns represent a prototypical
example of (physical) independence.

The assumption that the decisionmaker acts as an expected utility maximizer in the
given context, is questionable. Camerer and Weber [2] summarize a large body of em-
pirical violations of probabilistic sophistication when considering bets that are defined
over Ellsberg urns. But how should a decisionmaker that violates expected utility theory
think about the events F, G and £ N G? Given the physical setup of the example the
decisionmaker should probably consider the events £ and GG independent. But what does
independence mean for the case of a decisionmaker that is not probabilistically sophisti-
cated? Behavioral axioms of independence are needed to answer this question.

The idea behind the basic notion of independence proposed here goes as follows. Con-
sider a bet on GG and a constant payment x such that the decision maker is indifferent
between the bet on G and x, the “security equivalent” of the bet. If the event F is inde-
pendent of G then the decisionmaker should be indifferent between the bet on G and a
more complicated act which yields the bet on GG if E occurs and = otherwise. Conversely,

if the decisionmaker exhibits this indifference for any such bet on G, and the correspond-



ing more complicated act that is constructed out of the bet and its security equivalent,
then we should say that the decisionmaker considers F to be independent of G. Suppose
E was dependent of G according to this notion. In that case there exists a bet on G,
paying a when G occurs and 3 otherwise, such that the decisionmaker is not indifferent
between the bet and the more complicated act that pays the bet if F occurs and the
security equivalent otherwise. For concreteness suppose that the decisionmaker prefers o
to [, and the more complicated act to the original bet. How could this latter preference
be explained? If E does not happen the complicated act pays the security equivalent of
the bet, so a strict preference of the more complicated act must derive from the payments
in case that E happens. But if £ happens the bet is played. The only reason for this
preference is that the uncertainty of receiving the good payoff « is lower in the case that
occurs. In other words, if such a preference exists we are forced to conclude that there is
an underlying association between F and GG. Going back to the example of the two urns,
suppose that the decisionmaker is indifferent between betting a dollar on a green ball
being drawn form the second urn and not betting. The independence of the event that
a green ball is being drawn from the second urn and the event that a blue ball is being
drawn from the first would then imply that the decisionmaker should also be indifferent
between betting on green and the bet taking place only if a blue ball is drawn form the
first urn.

This basic idea is captured in the notion of “weak independence” (Section 5). I
strengthen this notion in two different ways by imposing symmetry and separation re-
quirements (Sections 5 and 6). I generalize all these notions for independent events to
notions for independent algebras (Section 8).

I restrict attention to preferences that can be represented with a maxmin expected
utility following Gilboa and Schmeidler [10]. In this case the representation of preferences
does not entail one but a convex and compact set of probabilities. I discuss some “nat-
ural” generalizations of the probabilistic notion of independence to the case of a set of
multiple priors C. In particular, I relate the condition that 7(F N G) = n(E)n(G) for
all probabilities in the set C' and the condition that updating with respect to an event GG
does not change the set of probabilities assigned to another event E to behavioral axioms
of independence. I fully characterize belief sets C' under different assumptions on the

independence between algebras on the state space.



In the literature I could discern only one application of a purely behavioral definition
of independence to the case of maxmin expected utilities. Klibanoff’s [16] definition of an
independent randomization device corresponds to the weakest definition proposed here.
His characterization result of a stochastically independent randomization device differs
from the one derived here since he requires that preferences over acts that are measur-
able with respect to the randomization device have an expected utility maximization in
addition to the requirement of stochastic independence.

The lions share of notions of stochastic independence for the case of agents that violate
the independence axiom build on the idea that the belief on an event E N G should be
calculated as the product of beliefs on £ and G, when these two events are stochasti-
cally independent. Gilboa and Schmeidler [10], Hendon, Jacobsen, Sloth and Tranzes [12],
Ghirardato [7] all use this criterion to define their respective notions of stochastically in-
dependent events. Not all alternatives to expected utility theory focus on generalizing the
independence axiom. Brandenburger, Blume and Dekel [1], for instance, focus on relaxing
the Archimedean axiom in their “Lexicographic Probabilities and Choice under Uncer-
tainty”. This article is explicitly geared towards game theory and therefore also contains
some observations on stochastic independence. Brandenburger, Blume and Dekel provide
two definitions of independence and one axiom. Just like the works cited above, the def-
initions focus on generalizing the condition 7(E N G) = «'(E)7"(G) to the environment
of lexicographic probability systems. The behavioral axiom, uses the idea that updating
with respect to an independent event should not change conditional preferences to define
stochastic independence. I will say more about this approach below.

One would expect that the issue of stochastic independence appears in the literature
on games with uncertainty averse agents and in the literature on updating uncertainty
averse preferences. Within the literature on games three different approaches can be dis-
tinguished. Some authors avoid the issue by focussing on two player games exclusively
(see for example Mariacci [21] and Dow and Werlang [3]). Others assume that the player’s
strategies are independent according to notions that are based on the idea that the belief
on an event £ N G should be calculated as the product of beliefs on E and G, Lo [20] for
example uses Gilboa and Schmeidler’s [10] notion of stochastic independence in his arti-
cle on game theory, Lehrer’s [18] notion of stochastic independence for partially-specified

probabilities also derives from a similar idea. Finally, a third group of authors, acknowl-



edges that stochastic independence would be an interesting requirement on beliefs over
the strategies of other players, but proceed without any such assumption of stochastic
independence (see for example Klibanoff [15] and Eichberger and Kelsey [4]).

The concept of independence is intimately related to the concept of updating. In
standard probabilistic theory two events E and G are independent if and only if the
posterior with respect to G does not change when learning whether F is true. In Section 7
I shall use this idea to say that E is independent of GG if a decisionmaker’s preference over
two bets on G is never reverted by learning the event F. This does not yield one but
many notions of independence since there is not one but many notions of updating in
the literature on maxmin expected utilities. I will discuss some of the main pretenders
in Section 7. Furthermore, I will establish relationships between the behavioral notions
of independence and the notions of independence generated by using the above idea on
updating. There, I will argue that given the lack of agreement on how to update maxmin
expected utilities we should not use updating rules to define stochastic independence, but
should rather use a behavioral notions of stochastic independence as another selection
criterion for updating rules. A good updating rule should satisfy the criterion that a
decisionmaker should not revert his preference over bets on G when learning an event £

that is independent of G.

2 Preliminaries

2.1 State Spaces, Algebras, Acts

Throughout the text I fix a finite state space €2. The algebra of all subsets of €2 is called o*.
Events are denoted by capital letters E, G, H, the complement of an event F is denoted
by E. The algebra generated by two subalgebras oy and o5, denoted by 0,09, is defined
as 0109 = {H : H=E NG for some F € 01, G € 09}. The algebra induced by an event
E € o* is denoted by o, so op = {0, B, E,Q}.

Preferences are defined over all o*-measurable acts f : Q@ — P(X), where X is a
finite set of outcomes and P(X) the space of all lotteries on X. An act f is called a
bet on event G if the act assumes one value on G and another on G. A constant act
is an act f : Q — P(X) with f(w) = z for all w € Q, as a shorthand such an act is

denoted by z. A constant act x; with f ~ z, is called the security equivalent of f.



The act frg which combines acts f and g is defined by (frg)(w) = f(w) for w € E and
(feg)(w) = g(w) otherwise. An event E is considered null if fgg ~ hgg holds for all acts
fy9,h: Q — P(X). The notation f(G) is sometimes used as a shorthand for f(w) with
w € G when f(w) = f(v') for all w,w’ € G.

2.2 Preference Representation

I assume throughout the text that preferences have a maxmin expected utility represen-

tation following Gilboa and Schmeidler [10].

Definition 1 The preferences 2~ can be represented by a maxmin expected utility if there
exists an affine utility functional v : P(X) — R and a conver and compact set of priors
C' such that the utility of act f, U(f) can be calculated as follows:

The maxmin utility representation has been axiomatized by Gilboa and Schmeidler
[10]. In the special case that the set of beliefs is a singleton (C' = {x} for some w € P(2))
the maxmin expected utility reduces to a standard expected utility. Following Nehring
[17] and Ghirardato, Maccheroni and Marinacci [9], I call an event E' ambiguous if there
exist m, " € C such that 7w(E) # 7'(F). Observe that only the extrema of the set of
beliefs C', called Ext(C') will matter in calculating actual utility values (as the minimum

is always attained at an extreme point).

2.3 Stochastic Independence According to Gilboa/Schmeidler

Gilboa and Schmeidler [10] propose a notion of stochastic independence that applies
to maxmin expected utilities. To understand their condition of stochastic independence
remember that an event E is independent of another event GG according to the probabilistic
definition of independence if and only if 7(ENG) = n(E)n(G). This notion is standardly
extended to a notion of independent algebras through the requirement that any two events
in the algebras under consideration should be independent. Formally, two subalgebras
01,09 C o* are called independent if 7(E N G) = n(E)n(G) for all E € 01, G € 09. This

condition can be restated as 7|y,5, = 7|, X 7|s,, Where 7|, denotes the restriction of 7 to



some subalgebra o of ¢* and (7|,, X 7|y, )(H) is defined as 7., (F)7|s,(G) for H = ENG
with E € 01,G € 09. Conversely for two algebras o1, 0y with o7 N oy = {0,Q} and two
priors m; : 0; — [0,1] for i = 1,2 another a prior m; X m : o109 — [0, 1] can be defined
by (m1 X m)(H) = m(E)m(G) for E € 01, G € 03 and H = ENG. Using the notation
Cl, = {m|s : m € C} for the restriction of the set of priors C' to a particular subalgebra
o' of o* we are now ready to state Gilboa and Schmeidler’s [10] definition of stochastic

independence.

Definition 2 Two algebras o1, 09 are called GS-independent if 7|5, € Ext(C|s,0,) holds
o € Bxt(C

if and only if there exist ™ o;) fori=1,2 such that 7|y, = T|oy X T|e,-

Let C|,, x C|,, denote convex hull of the set of all priors that can be generated as

products of priors in 7|y, in Ext(C|,,), formally C|,, X Cls, 1= co({7|s, X 7|5y : T|s, €
Ezt(C|,,) for i = 1,2}). Call this set the product set of C|,, and C|,,. Then the above

definition of GS-independence can be restated as C|y,5, = Cloy, X Cls,y-

3 An Example

Consider the following “picture book case” of stochastically independent events already
mentioned in the introduction: There are two Ellsberg urns, the first containing blue and
yellow balls the second containing red and green balls. Assume that the decision maker
considers the draws from the two urns “independent”. Assume, furthermore, that the
decision maker’s preferences have a maxmin expected utility representation with a set of
priors C, such that the set of priors that blue is being drawn from the first urn (event E)
satisfies {m(E)|r € C} = [1/2,3/4] and the set of priors that green is being drawn from
the second urn (event G) satisfies {7 (G)|r € C'} = [1/4,1/2].

The independence axioms proposed in this paper are based on the idea that an indi-
vidual’s preferences over bets on an event (say green being drawn from the second urn)
should not depend on the occurrence of an independent event (blue being drawn from
the second urn). Formally take a bet f on green and its security equivalent xy. Then
construct an act according to which the bet f is played if and only if a blue ball is drawn
from the first urn, otherwise the security equivalent is being paid. If the draws from

the two urns are independent we would expect these two acts to be indifferent, formally



frexs ~ x¢. This notion of independence can be strengthened to require that the decision
maker should be indifferent between all acts that either pay the bet f or it’s security
equivalent z; if F occurs while paying the same constant payoff x if £ does not occur,
formally fpx ~ x;,x for all constant acts z and all bets f on GG. Note that the former
requirement can be obtained from the latter letting o = z¢, so the latter requirement is

strictly stronger.

I will next provide 4 different maximin utility functions U°, ..., U? that differ only in
their belief sets C°, ..., C® on the events ENG, ENG,ENG and ENG (they share the
same expected utility functional u over lotteries) to illustrate the potential meanings of the
statement that the decision maker considers the draws from the two urns stochastically
independent. I will show first that GS-independence stronger than the two requirements
discussed above. Next, I provide an example of a set of beliefs in which the weaker
condition mentioned above (fgxy ~ x; for all bets f on G) holds while the stronger
one fails. Finally I show that the conditions mentioned here do not imply symmetry, I
construct a set of beliefs in which ggz, ~ x4, holds for all bets g on F while there exists
a bet f on G such that fgx; » x;. The sets C?,...,C? are defined using priors my, ..., T,

where each of the following matrices should be read as

_ wm(EnG) m(ENG)

" ©(ENG) n(ENG).
L1414 3/16 1/16  3/8 1/8  1/8 1/8
o414 7 9/16 3/16 0 3/8 1/8 - 3/8 3/8
16 16115
T e 0T 4 3,

Define

C° = co(my, mo, T3, Ty), Cl = CO(CO,W5),

C? = co(my, ), C® = co(my, T, ).

Observe that C° = [1/2,3/4]x[1/4,1/2], this implies that F and G are GS-independent
if and only if C' = C°. I will show next that the GS-independence of E and G is sufficient
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for £/ to be independent of GG according to the stronger condition mentioned above, to see
this I need to show that U%(fpx) = U°(zsx) for any bet f on G and any constant act
x. So fix two such acts f and x and observe that

U°(fp) = min [7(E)(x(GIE)[(G) + 7(G|E)[(G)) + m(E)u(z)] =

Ny (&) e M@+ @F )] +m(Bulz)| =
min [1(E)U(f) + m(E)u(z)] = U(zy ).

TeCo

~—

To see that GS-independence is indeed a strictly stronger condition than the two
conditions discussed above, observe that the set C! does not satisfy GS-independence
while one the other hand fpx ~ x;,z holds for all bets f on G and all constant acts
z according to U'. To see this observe first of all that U®(xs,2) = U'(zsx) for any
two constant acts z; and z as {7(E)|r € C°} = {x(E)|r € C'} = [1/2,3/4]. Secondly,
observe that U°(z;,z) > U'(zs,z) as C° C C'. The inverse inequality also holds, as

U'(fpx) = min [7(E)(x(G|E)f(G) + n(G|E) f(G)) + m(E)u(x)] >

reCl

min |:7T(E) min [7'(G|E)f(G) + «'(G|E) f(G)] +7T(E)u(x)} =

meCl w'eCl

e {W(E) G [m(G) (@) + 7 (@) ()] + 7T(E)U(x)} = U°(fgx).

The inequality holds as forcing 7(F) and 7(G|E) to vary jointly can only increase
the the minimal value attained. The equality follows from the fact that {7(G|E)|r €
C'} =[1/4,1/2]. The desired conclusion ( U'(fgz) = U'(zy,x)) follows from the above
observation that U°(fgpa) = U°(xy ,x) holds for all bets f on G and all constant acts z.

It remains to be shown that E and G are not GS-independent, for this it is sufficient to
show that 75 ¢ CY. Suppose we were able to represent 75 as a convex combination of the
corners of C°, formally 5 = A1 + Ao+ A3m3 + Mgy Since m5(ENG) = 75(ENG) it has
to be true that A3 = A4, so we can rewrite the above equation as m5 = Ay + Agmay + Aj7*
with 7* = Im3 4+ 17y Now observe that m(ENG), m(ENG), 7 (ENG) > m(ENG)
and therefore no such convex combination can exist, so w5 ¢ C°. It can be concluded that

GS-independence is not necessary for the stronger of the above mentioned conditions to
hold.



Next, take C? as an example of a set in which the stronger independence condition
mentioned above is violated, whereas the weaker one holds. To see that the stronger con-
dition is violated define a bet f on G such that u(f(G)) = 1 and u(f(G)) = 0 and observe
that U?(f) = 1/4. Choose z such that u(z) = 0, so U?(2s,x) = minyec2 7(E)1/4 =1/8
and U?(fpx) = mingcc2 7(E N G) = 3/16 implying that fpx » xy,x for U2 To see on
the other hand that frx; ~ x; holds for all bets f on G, observe that

U2(fExf) =
min [mi(E N Gu(f(G)) +m(ENGu(f(G)) +m(E)U?(f)]
min [ (E)(m(G)u(f(G)) + m(G)u(f(G))) + m(E)U*(f)] = U(f

~—

The crucial last step follows from the observation that

m(@u(f(G)) + m(@u(f(@)) >
min [7:(G)u(f(G) + m(@ul f(@)] = U(/).

Finally let me cite C® as an example to show that the independence conditions intro-
duced above need not be symmetric. Consider the act f as defined above and calculate
U3(f) = 1/4 together with U3(fgx;) = mingecs 7(ENG) + (1 —7(E))1/4 = 9/40 # 1/4.
Therefore fpz; ~ f does not hold according to C®. T omit the proof that ggx, ~ ¢ holds
for all bets g on E as it follows along very similar lines as the arguments given in the

discussion of the prior example.

To summarize observe that [1/2,3/4] x [1/4,1/2] C C held whenever E and G satisfied
the stronger condition of independence mentioned above. Next, note that the appeal-
ing condition that F and G should be independent according to all priors 7 € FExt(C)
turns out not to be necessary for the requirements discussed above: It was shown that
the stronger condition of the two is satisfied for U', even though w5 € Ext(C') and
75(E)ms(G) = 2/3 x 1/3 #1/6 = m5(E N G). The set C* shows that requiring standard
independence for all priors 7 € Ext(C) is not sufficient for the stronger independence re-
quirement. I will show in the sequel that this condition is sufficient for weaker requirement
of independence. Next it is important to note that that {m(E)|m € C} = [1/2,3/4] =
{m(E|G)|r € C} held if and only if G was considered independent of E according to the

weaker notion of independence. This leads to the conjecture that the weaker requirement
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coincides with the requirement that the set of priors on an event G is equal to the set of
updated priors on that event G - when updating with respect to the (independent) event
E.

4 Sets of Beliefs

The goal of this study is to relate different axioms of stochastic independence to different
conditions on the set C'. Some more technical vocabulary is needed to state all the relevant
conditions on C.

It should not come as a big surprise that Bayesian updates matter a great deal to the
present analysis. An equivalent definition of stochastic independence for the probabilistic
context states that two events F and G are independent if 7(G|E) = 7(G), where the
Bayesian update of 7 with respect to E with 7(E) # 0 is defined as 7 (:|E) = ﬂi'(rjEE)). Also
remember that it was conjectured at the end of preceding section that sets of conditionals

would play a major role in characterizing the stochastic independence.

To ensure that sets of Bayesian updates of priors in C' are always well-defined I assume
throughout the text that all priors in C' are mutually absolutely continuous, formally
m(E) > 0 for some 7 € C implies that 7'(E) > 0 for all 7’ € C. This guarantees that
7(-|F) (as defined in the following paragraph) is well-defined for all 7 € C' if and only
if it is well-defined for one 7’ € C. The assumption of mutual absolute continuity of all
priors has been axiomatized by Klibanoff [15] and by Epstein and Marinacci [5]. The
imposition of the assumption of mutual absolute continuity allows me to define C(:|E) :=
{m(-|E)|m € C} as the set of Baysian updates of all priors in C' with respect to E for any
set of priors C' and any event E with 7/(E) > 0 for some 7’ € C.

Given that the relation between sets of restricted priors C|,, and restrictions of updates
C(-|H)|s, for H in o; proves to be central to the analysis of the independence between two
algebras o; and o; it is useful to characterize sets of beliefs C' for which C(-|H)|,, C C,,
for all H € 0; and @ # j. To this end I define the square set C,0C; for any two sets of
priors C; = {m; : 0; — [0,1]} with ¢ = 1,2 as the maximal set of beliefs 7 : o109 — [0, 1]
such that 7(-|H)|,, € C; for H € 0, 1 # j.

For the case that C' is a singleton the algebras o, and o5 are independent if and
only if any of the following 4 conditions holds: (i) C(:|H)|,, = C|,, for all H € oy (ii)

11



Cloyoy, € Cl,,0C,,, (ili) 7 € Exzt(C) implies 7(E N G) = 7(E)n(G) for E € oy and
G € 09 (iv) Clsyey = Cls, X Cls,. This equivalence does not hold for the case that the
decision maker exhibits ambiguity aversion (C' not a singleton). If the set of beliefs C' is
not a singleton conditions (i) through (iv) can be associated with some different axiomatic
notions of stochastic independence. In the following Lemma I relate the named conditions

to each other, the proof of the Lemma can be found in the Appendix.

Lemma 1 Let C be a set of beliefs and let 01,09 be two subalgebras of o* such that
o1Noy ={0,2}. If Cloyoy = Cloy X Cloy then Tloyoy = |y T|oy holds for any m € Ext(C)
and any E € o1 and G € oq. If this latter condition holds then C|,,5, is a subset of
Cly, x Clsy. The subset relation Cl,, X Cly, C C|s,0C|,, always holds. None of the

tnverse implications hold.

Let me conclude this section by the introduction of some more shorthand notation
that will come in handy when studying independent events and facilitates an illustration
of Lemma 1 at the hand of the examples provided in Section 3. As a shorthand for C|,,,
I write C'(E), where C(E) can be thought of as the set {m(E) : # € C'}, similarly I write
C(F|G) as a shorthand for C(-|G)|,,, where again C'(E|G) can be thought of as the set
{m(E|G) : m € C}. Now let C; = C(E) and Cy = C(G) for some events E and G. The
square set C(E)OC(G) is the maximal set in which C'(E|G), C(E|G) are subsets of C'(E)
and C(G|E),C(G|E) are subsets of C(G). Alternatively the product set C(E) x C(G)
can be constructed as the convex hull of four different priors, each of which assigns either
mingco 7(F) or max,cc m(E) to the event £ and similarly for the event G.

In terms of the examples in Section 3 we can say that C°(H) = C*(H) for H = G, FE
and for all 1 = 1,2,3. For the set C° we have that C°(E) x C%(G) = C°. The set C?
satisfies 7|sy0, = 7|0 7|oy, for all m € Ext(C), it can therefore be read as an example
that the inverse conclusion of the first claim in Lemma 1 is not valid. At the same time
C? C (" can serve as an illustration of the second claim in the Lemma. The fact that
C° C C' # C° shows that C|,, x C|,, does not generally equal C|,,[JC|,, need not hold
as C' c CY(E)OCY(G).

12



5 Weakly Independent Events

The weakest notion of independence presented in this study builds on the idea that E is
independent of G if the agent is indifferent between any bet on G and an act under which

the bet is played if E occurs and that pays the security equivalent of the bet otherwise.

Definition 3 An event E is called weakly independent of an event G if and only if
fexy~ f

holds for all bets f on G.

Klibanoft’s [16] definition of independence in his characterization of stochastically
independent randomization devices is somewhat more general as it applies to independent
algebras. Once I generalize my definitions of independence to algebras the definition of
weak independence coincides with Klibanoff’s. Note that the axiom coincides with the
standard definition of stochastic independence for an expected utility maximizing agent.
The following equation holds for all bets on G f if and only if 7(ENG) = n(E)7(G) (and
m(E) > 0):

UW(fEZUf) -
m(E) (u(f(G))m(G|E) +u(f(G)n(G|E)) + (1 — 7(E))Ux(f)
m(E) (u(f(G))7(G) +u(f(G))7(G)) + (1 = 7(E))Ux(f) = Un(f)-

In the following proposition I show that E is weakly independent of G, if Bayesian
updating with respect to F does not change the minimal and maximal probability assigned
to G according to C. This proves the conjecture developed in Section 3. Propositions 1,
2 and 3 are generalized in Theorems 3, 4 and 5. The proofs for the latter results can be

found in the Appendix.

Proposition 1 An event E is weakly independent of another event G if and only if
C(G|E) =C(qG).

If C'is a singleton {7} the condition that C(G|E) = C(G) translates to the condition
that 7(G|E) = n(G), which defines stochastic independence in the probabilistic context.
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Note that the standard probabilistic definition of independence implies three kinds of
symmetry. According to this definition an event E is independent of an event G if and
only if any of the three following conditions holds: (i) E is independent of G, (ii) E is
independent of G and (iii) G is independent of E. The discussion of the set of beliefs C*
in Section 3 already revealed that condition (iii) need not hold for weakly independent
events. In the following Lemma I show that weak independence always satisfies the first
kind of symmetry and that neither one of the other two kinds of symmetry needs to be
satisfied. To this end, let me say that a relation of independence exhibits complementary
symmetry if and only if H independent of H’ implies that H independent of H’, the
relation exhibits mutual symmetry if and only if H independent of H' implies that H’
independent of H, for H, H' € {E,G, E,G}.

Lemma 2 Let the event E be weakly independent of the event G. Then E is weakly
independent of G. Weak independence need neither exhibits mutual or complementary
symmetry. Mutual symmetry implies complementary symmetry, the converse does not
hold.

Proof To see the first claim observe that fpxy ~ f holds for all bets f on G if and
only if it holds for all bets f' on G as an act is a bet on G if and only if it is a bet
on G. Now assume that E is weakly independent of G and that the relation exhibits
mutual symmetry, so that G is weakly independent of E. Applying the first part of the
lemma we obtain that E is weakly independent of G and G is weakly independent of
E. Using once again mutual symmetry we conclude that G is weakly independent of £
and E weakly independent of G. Finally the initial observation implies that E is weakly
independent of G and G is weakly independent of E, so complementary symmetry also
holds for the relation. Next consider belief set C? of Section 3 and define an additional
belief set C* = co(my, mo, 7) With

2/16 1/16

9/16 4/16.

7

Observe that
C'(E) = CYE|G) = C'(E|G) = [1/2,3/4] for i = 3,4 and C*(E|G) = [2/5,3/4],
C*G) = [3/16,1/2] but C*(G|E) = [2/11,1/2], and C*(G|E) = [1/5,1/2]
C*(G) = C3(G|E) = [1/4,1/2] but C*(G|E) = [1/5,1/2].

14



Consequently the relation of weak independence according to C? exhibits neither mutual
nor complementary symmetry, whereas the relation of weak independence according to

(% exhibits complementary symmetry without exhibiting mutual symmetry. U

According to the motivation of the definition of independence we should conclude from
C*(F) = C*(FE|G) that G is not correlated with E. If we do so we have to ask, how this
can be consistent with that C*(G) # C*(G|FE), which should imply that E is correlated
with GG. Shouldn’t correlation be a property that exhibits mutual symmetry? The reason
why the latter need not hold is that knowing E has potentially two effects. If there
is a correlation between E and G knowing E should tell me something about possible
distribution of G. Knowing E could also increase or decrease of my uncertainty. It is this
latter effect that need not be symmetric: If knowing E reduces my uncertainty about the
likelihood of G happening, it need not be true that knowing G reduces my uncertainty
about the likelihood of F happening. These two effects cannot be disentangled within the
framework of Gilboa and Schmeidlers [10] maxmin expected utilities. Avoiding to take
sides in the discussion around symmetry let me provide an alternative definition of weak
independence that mandates symmetry in addition to the notion of weak independence

developed above.

Definition 4 Two events E/, G are called weakly independent if E is weakly independent

of G and if the relation exhibits mutual symmetry.

Observe that if two events E and G are weakly independent, this relation also exhibits
complementary symmetry (Lemma 2). It turns out that two events are weakly indepen-
dent if the set of beliefs on the occurrence of the two events is a subset of the square set
of beliefs generated by the beliefs on F and G alone C(E) and C(G).

Proposition 2 Two events E and G are weakly independent if and only if C|yp0p C
C(EOC(G)

It might not always be easy to check whether this condition holds. A set of four
ranges of conditional probabilities have to be calculated to ascertain whether two events
are independent. To see that F and G are weakly independent according to belief set C! in
Section 3 the four probability ranges C'(E|G), C*(E|G), C*(G|E) and C'(G|E) have to
be calculated. Fortunately Lemma 1 allows us to conclude that C|,,,, C C(E) x C(G)
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and (£ N G) = 7n(E)n(GQ) for all 7 € Ext(Clyu0,) are two sufficient conditions for
Clogoe C C(E)OC(G) to hold. The latter observation allows us to immediately conclude
that £ and G are independent for the belief sets C° and C? in Section 3. The former
observation allows us that £ and G would also be independent for a belief set such as
co(my, T2, 1/3m3 + 2/3m,) which is a subset of C° = (71, 72, w3, 74), even though E and G
are not independent according to the prior 1/3m5 + 2/3m,.

6 Strongly Independent Events

Independence can be interpreted as a separation property. In fact assume that E is
weakly independent of G. This implies that the evaluation of the uncertainty embodied
in the some bets on G yields the same result whether the decisionmaker considers the
bets unconditionally or whether she considers more complicated acts that pay bets on G
in case that £ occurs and the security equivalent otherwise. In a sense it does not matter
whether the decision maker evaluates the unconditional bet or only considers the separate
case that F occurs. In the next definition I strengthen weak independence by requiring
a stronger property of separation. The following definition requires that a decisionmaker
should be indifferent between a bet on G and its security equivalent conditional on event
E, when normalizing the payoff in the alternative event E to any constant payoff. This
separates the uncertainty whether E occurs from the uncertainty that G occurs in the
sense that the bet on E . is equivalent to the more complicated act fpx which can

be seen as the composition of f a bet on G and zy,x a bet on E.

Definition 5 Fvents E and G are called strongly independent if and only if

Jex ~xypx and xpf ~ vpTy

hgx ~ xpor and xgh ~ rgxp,.

holds for all acts f,h:Q — P(X) that are bets on G and E respectively.

Observe that strong independence has been defined as a symmetric property. Mutual
and complementary symmetry are implied by the definition of strong independence. To

see that strong implies weak independence simply let * = 2y or = x;, in the definition
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of strong independence. The next Lemma formalizes the argument that weak and strong

independence differ by a separation requirement.

Lemma 3

Let E and G be weakly independent. If

fex 7 fpr = fed' T fpa!, wpf D apf = 2pf Zakf

hgx 7 hgr = hgx' = hg!,  xgh 7o xgh’ = xwgh = xgh

for all f, f',h,h' : Q — P(X) that are bets on G and E respectively and all constant acts

x,x', then E and G are strongly independent.

The proof is easy and therefore omitted. The condition named in the Lemma restricts
the validity of the Sure Thing Principle to a particular set of acts, namely the bets on
E and G and constant acts x,z’. Based on a different restriction of the Sure Thing
principle, Zhang [24] calls an event E unambiguous if fpx = fpx = fer’ 7 fpr’ and
xpf Zapf = a5 f 7 2’5 f holds for all acts f, f’. Using this definition it can be said that
two weakly independent events E and G are strongly independent if they are unambiguous
following Zhang when considering only C|, ,,." I show in the next Proposition that strong
independence holds if C'(E) x C(G) C C|, 0. holds in addition to the requirement of weak

independence.

Proposition 3 Let E,G € ¢*. Then E and G are strongly independent if and only if
C(E) x C(G) C Clogo, C C(E)OC(G).

This proposition allows us to immediately conclude that any GS-independent events
FE and G are also strongly independent. In particular £ and G are strongly independent
according to C? in the example in Section 3. Since C'(E) x C1(G) c C* c CY(E)OCY(G)
E and G are also strongly independent according to C'. None of the other sets defined
satisfies the property that C*(E) x C*(G) C C" and Proposition 3 tells us that £ and G

cannot be strongly independent according to any of these sets of beliefs.

1Tt should be remembered that an event E is called unambiguous in the present study if C'(E) is a
singleton, see Section 2.2. Any event that is unambiguous according to this definition is unambiguous
according to Zhang’s definition. The converse does not hold: for C = C(F) x C(G), the event F

unambiguous following Zhang whether C'(E) is a singleton or not.

17



7 Conditional Expectations

Compared to the literature on independence without expected utility maximization
the literature on updating with non-expected utility is large (see for example: Gilboa
and Schmeidler [11], Epstein and Schneider [6], Pires [22], Siniscalchi [23], Hanany and
Klibanoff, [13]). This is surprising given the intimate link between the two concepts: In
the standard probabilistic case two events E and G are independent if and only if the
unconditional probability of E is equal to the conditional probability of E with G as the
conditioning event, formally, 7(E) = 7(E|G). An alternative route to define independence
would not proceed via the imposition of some behavioral axiom of independence but rather
state that two events F and GG are independent if learning £ does not make the a bet
f on G any more or less attractive than its (unconditional) security equivalent z;. This
implies that the preference over two bets f and g on (G is never reversed by learning an
independent event E. In this section I will show that there exists a strong link between
this kind of a definition of independence and the definitions proposed here. Let me denote
the agents E-conditional preferences when using updating rule X as 7~ |&. Independence

can now be defined as follows.

Definition 6 An event E is called X -independent of G, if f ~ |8z for all bets f on G.
Two events E, G are called X -independent if E as well as E are X -independent of G and
if G as well as G are X -independent of E.

Without any knowledge of the updating rule X this definition is just an empty shell.
To generate meaningful concepts we need to substitute different updating rules into the
placeholder X. I will first discuss full Bayesian and maximum likelihood updating. Fur-

ther below I will discuss dynamically consistent updating.

7.1 Bayesian and Maximum Likelihood Updating

In this section I show that the independence concept generated using full Bayesian up-
dating (X = B) is equivalent to the concept of weak independence. I also show that any
two events that are strongly independent are independent according to the independence

concept generated by maximum likelihood updating (X = M), however, the converse
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does not generally hold. To do so I define these two updating rules.

Definition 7 Let E C Q,7(E) > 0 for some m € C. The conditional preference = |§
can be represented by a mazmin expected utility U wusing the original utility functional
uym = u over lotteries and sets of beliefs CB = {x(:|E) : # € C} and C¥ = {=x(-|E) :
m € C and 7(E) = max,ccm(E)} for full Bayesian and maximum likelihood updating

respectively.

Full Bayesian updating (= |£), in which every prior in the set C' is updated with
respect to the conditioning event F was axiomatized by Pires [22]. Maximum likelihood
updating only uses updates of the priors 7 in the set C' that assign the conditioning
event £ maximal probability. Gilboa and Schmeidler [11] axiomatized the Dempster-
Shafer updating rule for maxmin expected utilities and showed that it coincides with the

maximum likelihood updating rule defined above.

Theorem 1 An event E is weakly independent of an event G if and only if E is
B-independent of G. Two events are weakly independent if and only if they are B-
independent. If two events E, G are strongly independent then they are M -independent.

Conversely two M -independent events need not even be weakly independent.

Proof Let E be weakly independent of an event G. Following Proposition 1 this is
equivalent to C(G) = C(G|E), which in turn holds if and only if f ~ |Bx; for all bets f
on G, the definition of B-independence. The second claim follows directly from the first.

For the proof of the third claim observe that E and G are strongly independent if
and only if C(E) x C(G) C Clope, C C(E)OC(G). Let C* = {mr € C : w(E) =
max,ec 7(E)}. Since C(E) x C(G) C C|yp0 We have that {C(G) x {7*(E)} : 7*(E) =
maxcc (L)} C C* and consequently C(G) C C*(G|E). On the other hand since C* C
Clopoe € C(E)OC(G) and C(F)OC(G) was defined such that 7(G|E) C C(G) for all
7 € C(E)OC(G) we can conclude that C(G) = C*(G|E). Consequently we have that
[~ |Mx; for all bets f on G, and E,G are M-independent.

To see that the converse does not hold observe that the definition of independence
through maximum likelihood updating only restricts the conditional priors for probabili-
ties 7* such that 7*(H) € {min(n(H)), max(m(H))} for H = E,G. For any other priors
7w € C this concept does not at all restrict the updates. Referring back to section 3 define
belief set C° = co(C?, g) with
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(ENG)=1/8 m(ENG)=1/4
m(ENG)=1/2 m(ENG)=1/8.

Observe first of all that E and G are not weakly independent as ms(G|E) = 1/5 ¢
C5(G) = [1/4,1/2]. On the other hand E and G are M-independent. To see this observe
that max7(H) # ms(H) for H € {E,G, E,G}. So 7 will not appear in the set C*(H) =
{r € C®: 7(H) = maxecs 7(H)} for H € {E,G, E,G}. The problem is thus equivalent
to the updating problem with the set of priors C° according to which F and G are
strongly independent. But we have shown already that this implies that £ and G are
M-independent. ([l

Pires [22] axiomatization of full Bayesian updating links updated to unconditional
preferences through an axiom which states that f ~g x implies that fgx ~ x for all
non-null events F, where =g denotes the conditional preference. This axiom can be
used to give an elementary and simple proof of the fact that any two events that are
B-independent are weakly independent. To see this suppose that E was B-independent
of G. This would imply that f ~ |Bz; for all bets f on G. Pires axiom then implies in
turn that fpay ~ x5 for all bets f on G, which is none other than the definition of
being weakly independent of G. While the converse is not as obvious it has to be said
that the Pires proof of her axiomatization of Full Bayesian Updating and the proof that
E is weakly independent of G if and only if C(G) = C(G|E) are very similar.

Gilboa and Schmeidler [11] show that if there exists an z* € X such that z* = f
for all acts f : Q@ — P(X) the maximum likelihood updating rule can be defined by
f = |¥g & fpa* = gpx*. This observation yields again an elementary and simple proof
that any two events that are strongly independent are M-independent. To see this observe
that if fpx ~ x o holds for all bets f on GG and all z, then it holds in particular for z = z*.
The above observation then implies that f|¥z; for all bets f on G, which in turn implies
that E is M-independent of G. It should also be apparent that there is no reason for the
opposite conclusion: without any further assumptions fgx* >~ gepz* does not generally
imply fgx 7= ggx for any other constant act x. The maximum likelihood updating rule
requires that the subject discards all priors that do not maximize the probability of the

event /' when updating with respect to E. The failure to generate a sensible notion of
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independence relates to the “extremism” of the maximum likelihood updating rule, which
lies in the fact that all measures that do not maximize the probability assigned to the
event E are discarded from consideration when updating with respect to E. This feature
of maximum likely hood updating entails that the definition of independence through
updating does not place any restriction on the priors in C' which don’t assign maximal

probability to the “independent” events F and G.

7.2 Dynamic Consistency

Dynamic consistency requires that learning E should be irrelevant for the choice among
acts that are identical for the case that E does not happen. Formally, an updating
rule X is dynamically consistent if for any three acts f, g, h and for any non-null event
E we have that fgh = gph implies fph = |Xgrh. For expected utility maximizers
dynamic consistency implies Bayesian updating and vice versa. In the case of multiple
prior preferences considered here neither full Bayesian updating nor maximum likelihood
updating are dynamically consistent. These updating rules satisfy two other criteria:
consequentialism which requires that the preference = |& should only depend on values
that the acts attain on F, and reduction which requires that preferences are defined over
acts. It has been shown that these three criteria, dynamic consistency, reduction and
consequentialism imply expected utility when requiring some additional standard axioms
(see Karni and Schmeidler [14] and Ghirardato [§]).

To obtain dynamically consistent updating rules some other features have to sacrificed.
I will next discuss two ways out of this dilemma. Epstein and Schneider [6] single out
a particular class of events for which full Bayesian updating is dynamically consistent.
Hanany and Klibanoff [13] drop the requirement of consequentialism and weaken the
requirement of dynamic consistency somewhat to obtain a set of appealing updating rules

for the case of maxmim expected utilities.

The following definition of relative rectangularity generalizes the class of events singled

out by Epstein and Schneider [6].

Definition 8 The algebra o' is relatively rectangular with respect to E., E if for

all w72, 73 € C there exists a m € C such that
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o = (E)T (|E)lor + 7 (B)7? (| E) o

The set C is rectangular with respect to E, E according to the original definition by
Epstein and Schneider [6] if o* is relatively rectangular with respect to E, E according
to generalized definition proposed here. Epstein and Schneider’s result that full Bayesian
updating with with respect to E is dynamically consistent iff C' is rectangular with respect
to F, E can be extended somewhat using the definition of relative rectangularity. When
considering only choices among o’-measurable acts, Bayesian updating with respect to
E implies dynamic consistency if ¢’ is relatively rectangular with respect to E, E. The
reason for generalizing the notion of rectangularity to relative rectangularity is that my
notion of weak independence is such that if £ and E are weakly independent of ¢’ then ¢
is relatively rectangular with respect to £, E. In that case weak independence implies that
7 (-|E)|s and 72(+|E)|s are both contained in C|,/, so the convex combination of the two
is also contained in C'|,.. This observation should not come as a big surprise after the proof
that the notion of independence implied by full Bayesian updating is the notion of weak
independence. This proof implies in particular that full Bayesian updating is dynamically
consistent for the case of updating with respect to independent events. The results of
Epstein and Schneider imply that C' must be (relatively) rectangular with respect to F
and E. Observe, however, that independence does not imply rectangularity: it is not true

that full Bayesian updating is consistent only for independent events.

Hanany and Klibanoff’s [13] commitment to have a dynamically consistent updating
rule for all events E forces them to let the updated preferences depend on more than
just the updating event. They derive a set of dynamically consistent updating rules that
depend on the conditioning event E, the set of choices B (which is assumed to be compact
and convex) and the act h which is chosen from B unconditionally. In addition they only
require dynamic consistency on the optimal path. I next define the set of all dynamically
consistent updating rules 7 | (g5, 5) following Hanany and Klibanoff and in this set I single

out 77 |E“Eh p) 88 the rule in which learning minimally reduces ambiguity.

Definition 9 Let E € o*, n(E) > 0 for some m € C and let f, g, h be any o*-measurable
acts. Let B be a convexr and compact set of acts containing f, g, h, such that h == h' for

all ' € B. Updating is dynamically consistent if f 2 |(gn,8)g holds if
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gg}WEQU(f(w))W(WIE) > gicll,weQU(g(w))ﬂ(w!E) (1)

for some convex and compact set C' C C' that contains a belief 7 such that

min Y u(h(w)m(w|E) = Y u(h(w))r" (w|E) (2)

TeC’!
weN we

and

Y ulh@)r* (W) = Y ull (@) (w) (3)

weFE weEkE

for all b € B with h(w) = h'(w) forw ¢ E.

The ambiguity mazximal dynamically consistent updating rule 77 |2‘E hp) TEqUITES that
the set C" used in equation 1 is the maximal set that satisfies the conditions named in

equations 2 and 3.

The updating rule = |Z‘Eh B) is defined such as to minimally reduce ambiguity while
maintaining dynamic consistency. Hanany and Klibanoff show that an ambiguity maximal
updating rule exists and that it is unique. Observe that Hanany and Klibanoft’s updating
rule shares the feature that only Bayesian updates are used to calculate the conditional
preferences with with full Bayesian and maximum likelihood updating. At the same time
the rule proposed by Hanany and Klibanoff is less “extreme” than either full Bayesian
Updating which uses updates of all priors or maximum likelihood updating which uses
only updates of priors that mazimize the probability of the conditioning event. Given that
Hanany and Klibanoffs dynamically consistent updating rules depend on the feasible set
B and the unconditionally chosen act h, I need to revise my definition of X-independence

somewhat.

Definition 10 An event E is HK-independent of an event G, if f 22 |(g,5,8)9 holds for
all g € B :=co(f,x¢), all bets f on G and all dynamically consistent updating rules. An
event B is H K*-independent of an event G, if [ 2 [{5 ; p)g holds for allg € B := co(f, xy)
and all bets f on G.

Note that the definition of H K-independence is strong insofar as that it requires

that f = |(g,rm9g for all dynamically consistent updating rules. Any events that are
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independent according to this notion must also be H K* independent as this notion builds
on the idea that f 2 |z ¢ has to hold for one particular dynamically consistent
updating rule, namely the ambiguity maximizing one. It turns out that the notion of
H K-independence is so strong that no two ambiguous events can be H K-independent.
On the other hand the notion of independence generated by the ambiguity maximizing
dynamically consistent updating rule corresponds to the notion of weak independence

advocated in the present paper.

Theorem 2 There is no set of beliefs C' such that G is ambiguous and E is HK-
independent of G. An event E is weakly independent of an event G if and only if it

1s HK*-independent of G. Two events are weakly independent if and only if they are
H K*-independent.

Proof Let C' be a set of beliefs such that E is independent of the ambiguous event
G. So C(G) = [z,y] with 0 < 2 < y < 1 (the inequalities 0 < z, y < 1 follow from
the assumption of mutual absolute continuity, x < y follows from the assumption that
G is ambiguous). Define a bet f on G with u(f(G)) = 1/, u(f(G)) = 0. Observe
that u(zy) = 1. Observe that for any g € co(f,zs) with f(w) = g(w) for all w ¢ E
it must hold that f = ¢g Conditions (2) and (3) named in the Hanany and Klibanoff’s
construction of dynamically consistent updating rules never bind when considering choice
sets B = co(f,zy). The set C' needs to fulfill only one condition such as to yield a
dynamically consistent updating rule: it needs to be a convex and compact subset of C'.
Let z € C(G|E), observe that either x < z or y > z or both. Assume that the former
inequality holds. Pick C" = {n} such that 7(G|E) = z. So for this particular updating
rule it follows that f 27 |(g,s,5)% is equivalent with

> u(F@)T@IE) 2 ulwy) & = = 1

weN
a contradiction. The case in which y > z holds follows by similar arguments changing the
definition of f such that u(f(G)) = 0, u(f(G)) = ﬁ

Now let F be HK*-independent of G, so f = |?E7f’B)g holds for all g € co(f,xy) for

all bets f on GG. The conditional preference f >~ \’(*E 1.9 holds if and only if the following

mip 3 ulf)wlE) 2 miy 3 ulale))m(oIE)
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for the maximal subset C" of C' that satisfies conditions (2) and (3) in Hanany and

Klibanoft’s definition of dynamically consistent updating rules. But we observed already

above that these conditions have no bite in the current case. Therefore the maximal

subset of C' that satisfies these conditions is C itself. So f |*E .59 holds if and only if
. > mi

min » u(f(w))m(w|E) = ggZU(g(w))W(W\E) N

el

we weN
min u( fw w) > min u(g(w w
i SN > min, 3 ulafe))o(e)

So F is HK* independent of G if and only if C(G|E) = C(G). But this conditions is of

course equivalent to E being weakly independent of G as was shown in Proposition 1. [

Hanany and Klibanoff clearly delineate how much dynamic consistency we can hope
for in the context of updating multiple prior preferences. They describe the set of all
dynamically consistent updating rules when using a rather weak concept of dynamic con-
sistency. They go on to show that most stronger requirements of dynamic consistency
trigger the non-existence of such rules. As a conclusion I would like to suggest to com-
plement their requirement of dynamic consistency by the requirement that no preference
reversals should occur when learning about an independent event. If I prefer steak to
broccoli unconditionally and if the quality of either dish is unrelated to the event of
“rain in Hamburg”, then my learning of the weather in Hamburg should not influence
my preferences over the two dishes. With the above theorem I have shown that such a
requirement does not lead to the non-existence of dynamically consistent updating rules.
If defining independence as weak independence then Hanany and Klibanoft’s ambiguity

maximal dynamically consistent updating rule, satisfies the requirement.

8 Independent Algebras

In this section I extend the notions of independence introduced above to the question when
two subalgebras 01,09 C ¢* are independent. This is important insofar as that one of the
main applications of the notion of stochastic independence in economics is game theory.
In game theory we need to be able to say when two strategies are independent. Two
strategies are called independent if they are measurable with respect to two independent

algebras on (). Given the above motivation of weak independence it seems reasonable to
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require that fpxy ~ x¢ should hold for any os-measurable act for F to be independent
of oy. Consider again the case in which this indifference is violated, say frx; > xy, since
xy and fpxy pay the same in case that £/ does not happen the strict preference for frz;
should derive from the case that E happens. But the act f restricted to £ can only
yield a higher utility than the unconditional act f if knowing E reduces the uncertainty
about the better outcomes of f happening. I interpret such a reduction of uncertainty as

a violation of independence.

Definition 11 An event E is called weakly independent of an algebra oo if and only if
Jexy~ f

holds for all oo-measurable acts f: Q — P(X).

The following extension of Proposition 1 is obtained for the present case:

Theorem 3 Let E,G € o*. Then E is weakly independent of o5 if and only if co(C(-|E)|s,) =
Clo,-

Imposing weak independence of o; of all events in E € ¢, for ¢ # j a more demanding

definition for o and oy being weakly independent is obtained:
Definition 12 Two algebras o1 and oo are called weakly independent if and only if
fexp~f and hgzy ~ h

holds for all oo-measurable acts f: Q — P(X), all o1-measurable acts h : Q — P(X), all
E €0y and all G € oy.

Observe that this notion of weak independence for algebras generalizes the notion of
weakly independent events. Two events E and G are weakly independent if and only if
og and o are independent. Of course Proposition 2 for the case of weakly independent

events can be generalized to a theorem on weakly independent algebras.

Theorem 4 Two algebras o1 oy are weakly independent if and only if Cly, 0y, C C|yyOC |4y -

Applying Lemma 1 to the above theorem it can be concluded that 7|0, = T, X 7o,

for all 7|y, € Ezt(C|,,0,) is a sufficient condition to o7 and oy to be independent. In
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short, if C|,,,, can be constructed as the convex hull of a set of probability measures
for which o; and oy are independent according to the standard definition of stochastic
independence, then o; and oy are weakly independent. A weaker (and less operational)
sufficient condition for o7 and oy to be weakly independent is that C|,,, is a subset of
Clyy, X Clo,-

In the section on independent events strong independence was derived from weak
independence imposing the requirement that a decisionmaker can consider uncertainty
about G in separation from uncertainty about F. This separation implies that the bet
on I xy,x is equivalent to the more complicated act fpxr which can be seen as the
composition of f a bet on G and x;,x a bet on E. It was observed above in Lemma 3

that weak implies strong independence for two events £ and G if
fer Z fpr = fed' 2 fpa, apf Zapf = apf 2 apf
her 72 hgw = het' 72 het!,  xeh 72 xgh’ = xoh 7o agh
holds for all f, f’, h, b’ : Q — P(X) that are bets on G and E respectively and all constant
acts x, 2.
In the same vein the strong independence of two algebras is obtained from the weak
independence of two algebras imposing the additional requirement that the decisionmaker

considers uncertainty in the dimension of oy separately from uncertainty on oy. Formally,

this requirement can be stated as
feg 2 fr9 = fed' 2 159, 9af Z 9af = 9cf' Z 9cf

for all f,f' : Q@ — P(X) that are oy-measurable, all ¢g,¢" : Q@ — P(X) that are o;-

measurable and all £ € o1, G € 0».

Definition 13 An algebra oy is called strongly independent of an algebra oy if and only
if
ng ~Tfpg and ng ~ xggf

for all o5 measurable acts f : Q — P(X) and all o1-measurable acts g and all E € 01,G €

09.

This axiom, again, reflects a stronger property of separation between the uncertainty

on oy and oy. It says that if uncertainty in the dimension of o7 occurs only for one event
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(G € 04 then this uncertainty can be considered separately in the sense that an indifferent
act can be constructed by replacing f with its security equivalent on G. Observe that this
definition is equivalent to the definition of strong independence for events when o; = o

and o9 = 0g.

Theorem 5 Two algebras oy oy are strongly independent if and only if C|,, X C|y C
C’|0'10'2 - C’|0'1|:,C(|0'2'

In the standard case two algebras oy, 09 are independent according to if and only if
any two events £ € o, and G € oy are independent. This relation of equivalence no

longer holds for the case of maxmin expected utilities.

Lemma 4 If 01, 0y are weakly (strongly) independent then E € o1 and G € o9 are

weakly (strongly) independent. The converse does not hold in either case.

9 Conclusion

In this paper I proposed various behavioral axioms to capture the notion of independent
events and algebras. The basic axiom (weak independence) states that an event FE is in-
dependent of another event G if the decisionmaker is for all bets on G indifferent between
that bet and a more complicated act that pays the bet only if E occurs and pays the
security equivalent of the bet otherwise. This notion was strengthened by some require-
ments of symmetry and separation. I applied the behavioral axioms to maxmin expected
utilities following Gilboa and Schmeidler [10]. The behavioral notions of independence
were compared to a different notion of independence which is derived from the idea that
conditional preferences should not differ from unconditional preferences over a bet on an
event G if the conditioning event E' is independent of G. 1 argued that we should not
use concepts of updating to generate notions of independence via the requirement just
mentioned but that we should rather demand that our theories of updating satisfy this
criterion.

Ultimately the question whether agents consider any two events stochastically inde-
pendent and what they mean by independence is an empirical one. I hope to test the
axioms proposed in the present study in laboratory experiments. Next it would be im-

portant to discover the implications of the axioms of independence proposed here when
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assuming different representations of uncertainty averse preferences. The combination
of the two could, in turn, yield important empirical insights about the validity of some
of these theories: say it turns out that a particular representation of uncertainty averse
preferences X admits weakly independent events if and only if the representation reduces
to an expected utility representation. Say the laboratory experiments find that people
do consider draws from different urns weakly independent. This could be seen as an
argument against this representation X. Finally, it is hoped that the axiomatic and em-
pirical investigation of “stochastic independence” would give some new momentum to the

literature on games with uncertainty averse agents.

APPENDIX

Proof of Lemma 1

The first claim directly follows from the definition of C|,, x C|,,. To see the sec-
ond claim assume that 7 € Ext(C|y,,,) implies that 7 = 7|,, X 7|y, for some 7|, €
Cls, and 7|,, € Cl,,. Observe that there exist finite subsets {7'},c; € Ezt(C|,,),
{n'};cs € Ext(Cls,) and sets of positive parameters {\'}icr, {+’}es such that >°,, \' =

J = — it — I
LY e =1mle =3, At and )y, = 32, k777, Consequently 7 can be expressed

as
T = (Z Nrt) x (Z KIml) = Z Nowd (7 x 77)
i€l jeJ (i,5)€IxJ
where >7, o p ;AR =1, X'/ > 0 for all (4,7) € I x J and 7° x 77 € Ext(Cly, x Cloy).

This in turn implies that any 7’ € C|,,,, can be expressed as a convex combination of
the set of Ext(C|,, x Cl,,). Therefore C|y,5, C Cl,, X C|s, holds as claimed. The subset
relation C|,, x Cls, C Cl|5,0C|,, always holds as (C|,, X Cls,)(-|E)|s, = C|,, for all
Ee€o;and i # j.

To see that C|,,00C|,, is convex consider two priors 7t, 72 € C|,,0C]|,, and fix A €
(0,1). Let E € 0; and ¢ # j and observe that

Aﬂ1<.|E)|0'j + (1 - A)W2<.|E)|0'j € OlUj
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since 7' (-|E)|,,, 7*(-|E)|,, € Cls, which is itself a convex set. Consequently the set
Cl,,8C,, is convex. Counterexamples for the inverse inclusions can be found in the text

right after the statement of the Lemma.

For the remaining proof let me define Ur(f) as > .o u(f(w))m(w), in words Ux(f)

represents the expected utility of f when using prior 7 to evaluate the probability on 2.
Proof of Theorem 3

Assume that co(C(-|E)|s,) = Clsy.? Calculate U(fgzy) as follows:

U(fpy) = min |m(E) > ulf@)m(wl E) + (1= x(E)U(f)
we
The equality co(C(:|E)|s,) = C|,, implies that ), u(f(w))7(w|£) is bounded from
below by U(f) and that this bound is attained for some 7 € C'. This implies the equality
U(fexy) =U(f).

Suppose there existed a p € co(C(*|E)|sy)/Clsy- Since C|y, is convex and closed there
exists a hyperplane that separates p from C,,, so there exists a vector & € u(A(X))?
such that mingec),, 7 - & > p - & and such that &, # & only occurs when there exist
G,G' € 0y such that GNG' =0 and w € G, € G'. Let f be a oo-measurable act such
that u(f(w)) = & for all w € Q, which implies that mingecy,, Ux(f) > U,(f). Let 7' be
such that p(G) = ©'(G|FE) for all G € gy. Observe that

U(fpxy) = frﬂelg Ur(fexy) <

Y ulf )W) + 7 (EYU(f) ='(B) Y ulf(w)pw) + ' (E)(S) <

wek weN

T(EYU(f) + ' (E)U(f) = U(f)

So there exists an f for which fgz; < f. We conclude that the weak independence of
E from oy implies that co(C(-|E)|,,) C Cls,-

To prove the inverse inclusion suppose we had a 7* € C|,,/co(C(-|E)|s,). Since

co(C(-|E)|,,) is convex and closed there exists a hyperplane that separates 7* from

2An example that co(C(-|E)|,,) = C(:|E)|s, need not hold is available from the author upon request.
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co(C(-|E)l,), mathematically there exists a vector £ € u(A(X))? such that mingecoc(|5),,) T
& > m* - & and such that &, # £, only occurs when there exist G,G’ € o9 such that
GNG =0 and w € G, € G'. Let f be a go-measurable act such that u(f(w)) =&, for

all w € Q, which implies that minzeco(c(.|2)l,) Ux(f) > Uz(f). The latter implies that
Mingeo 7(E)Ur1p)(f) + (1 —=7(E))U(f) > U(f) for any event £ with 7(£) > 0 for some

7 € C. This implies that frx; > fasU(fexs) = min.ce 7(E)Ur gy (f)+(1—7(E))U(f).

In sum co(C(:|E)|s,) = C|s, holds if and only if E' is independent of os.

Proof of Theorem 4

To see that weak independence implies C|,,,, C C|,,0C|,, observe that oy, 09 are
weakly independent if and only if Cl,,4,(-|E)|s, = C|s, for i # j and all E' € ¢;. Conse-
quently C|a1az('|E) o C C

o, holds for ¢ # j an and all £ € o;.

Now assume C|y,,, C C|,,8C|,, was true. This implies that C|y,,,(-|E)|,, C C|o, for
i # 7 and £ € 0. To show weak independence it has to be shown that this relation holds
with equality. Observe that for any E € 01 and any f that is oo-measurable

U(fpxy) = min Ur(fpzry) > min - Ur(fpzy) =

TE€C |0 7€C |01 UC 0y

min - [7(E)Ux(f) + (1 = (E)U(f)] = U(f)

w€C 5y, €C| oy

So for fgxy ~ f to be violated we would have to have a oy-measurable act f
and an event E € oy such that fgxy > f. This in turn would have to imply that
Y owequ(f(w)m(w|E) > U(f) holds for all 7 € C. It would also have to hold that
[Ty 7 f, which would in turn imply that > _ou(f(w))7(w|E) > U(f) for all 7 € C.
Summing up the last two expressions we obtain for all # € C' that U, (f) > U(f) as U(f)

can be written as

n(E) Y u(f(@)m(w|E) + (1 —n(E) Y u(f(w))n(w|E)

This contradiction the definition of U(f) as min,cc U, (f).

Proof of Theorem 5
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[ will show first that mingecy,, xo),, 4(fEg) = Mingee), 00|, w(feg) holds for any acts

f, g that are o1- and gy-measurable respectively and any E € ;. To see this observe that,

recBey,, Ve = mig, | TE i) (F) + ;Euw(w))w(w) >

min T(EYU(f) + u(g(w))m(w)| >
7"6(0|U1DC|02)|0177",6(0|01DC|02)('|E)‘02 ( ) (f) u%; (g( )) ( )_

i | (B + %u<g<w>>w<w> = min, u(fzg)

Where (C|y,0C|s,)]0, C Clo, and (C|,,8C|5,)(-|E)|sy, C C|s, follow from the defi-
nition of the square set. The opposite inequality Milzec),, %O, u(freg) > Milzec|,, 00),,
follows from the observation that C|,, x C|,, C C|,,0C|,,.

Next assume that C|,, X C|s, C Cls,0, C C|,,0C|,, holds and show that frg ~ ¢ .9
holds for all f,g o1 and o9 measurable respectively and all £ € g5. The subset relation

together with the preliminary observation made above imply the following:

min  U,(fgg) > min U,(frg) > min  Ux(frg)

7E€C |0y XCloy TE€C 510 7€C o, 0C) 0
min U — min U =
7EC oy XCloy <(f£9) TEC] gy O, «(fr9)
min U = min U )
7EC|5y XCloy W(ng) 7E€C 510 ﬂ(ng>

By the same logic min:ccy,, xcl,, Ux(Tfpg) = mingecy,,,, Ur(Tsg) holds. Tt is therefore

sufficient to show that

i U. = i U. .
wecﬁlllgqq «(fr9) wecﬁlgcm =(%s9)
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To see this equality observe that

min  U,(frg) =

TEC |5y XCloy

i [Zumw»m)+Zu<g<w>>w<w> -

7€C|y, XC
lr1 XClory weE wgE

min [%/(E) min [Zu<f<w>>w<w> £ 3 ulg)rw)| =
o 72 €N w¢E i
Juin T (EYU(f) + Y ulg@)r' ()| = Ulzsz9)-

w¢E

I show next that strong independence of oy and oy implies that C|,, X C|s, C Clyy0, C
Cl,,8C|,, holds. Since strong implies weak independence C|,,,, has to be a subset
of C|,,0C|s,. All that remains to be shown is that C|,, x C|,, has to be a subset
of C. Assume there existed a 7" € C|,; X Clypy/Clo0,- W.lo.g. assume that 7* €
Ext(C|,, x C|,,), so that 7*|,, € Ext(C|,,) and 7*|,, € Ext(C|,,).

Next define two acts f, g as follows. Let f be go-measurable and let U(f) = U« (f) <
Ur(f) for all # € C such that 7|,, # 7*|,,. Let g be oy-measurable and let g(E) = zy,
U(g) = Ur(g) < Ux(g) for all 7 € C such that 7|, # 7*|,,. Next calculate U(xy,g) and

compare its value to U(fgg).

Ulerpg) = _min |=(BW(H)+ 3 mw)utow)| =
o102 WEE ]

i {w(5) yuin [me(w))w'(w) + 3 rwulg) | =
o1 72 lweq w¢E i

i |w(E) (Zuu(w»w’(w)) + Y rwulew) | <
71 72 weN w¢E J

min
TE€C o104

= U(frg)

m(E) (Z U(f(w))ﬂ(@) + ) mwulg(w))

we w¢E

The inequality holds as for all 7 € C|,,,, we have that either 7|, # 7%y, Or 7|y, #
m*|s, or both. So we either have that U(frg) = U(rgg) > U(xs,g) with x > x; or
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U(frg) = Ur(xf59) > U(zs,9) with 7|, # 7*|s,, or a combination of both which also

implies a strict inequality.
Proof of Lemma 4

To prove this Lemma a last definition is needed. Say that the algebra ¢* of all subsets
of ) contains all events E; for an index set I. For any algebra on 2 the set I(o) C [ is
called the partitional base of o if {Ei}ief(g) is a partition of 2 and E € ¢ if and only if
E = J,cp Ei for some I' C I. Observe that for any E € o there exists a unique subset
I' C (o) such that E can be represented as a union of the sets E; for all ¢ € I'.

The following example shows that o, need not be weakly independent of o5 even though
all events in the two algebras are weakly independent of each other. Let {G1, G5, G3} be

a partitional base of oy and let C|,, = co(my, m2) with
7T1(G1) = 1/4,7T1(G2) = 1/2,7T1(G3) - 1/4
7T2(G1) = 3/4;7T2(G2) = 1/877T2(G3> - 1/8

Let there be an event E such that C|,,,, = co({m, ma} x {1/2}, ") where 7|5, +,, is given

as follows:

7T/(G1 N E) = 17/64, 7T,<G2 N E) = 8/64, 7T1(G3 N E) = 7/64
(GiNE)=15/64, 7' (GyNE)=12/64, m(G3NE)=5/64.

Observe that 7'|,, = $71]6, + 3M2|0,, and @'(E) = 1/2 so co({m, m} x {1/2},7)|,, =
Cl,, as already claimed above and co({m, 72} x {1/2},7')(E) = C(E) = {1/2}. Next

observe that

/ _ T B _ 8 i1
, 7 11
and 7'(Go|E) = o € C(G) = [, 5],

So C(G;|E) = C(G;) for i = 1,2,3 which in turn implies that E is weakly independent of
G for the set of beliefs C'. Next suppose that E was weakly independent of o9, we would
then have to have that 7'(:|E) € co(my, m2). Suppose this held true. A contradiction is
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obtained as the equation § = 7'(G2|E) = am (G2)+ (1 —a)me(G2) = ag +(1—a)§ implies
that o = % But 7'(G3|E) # %m(Gg) + %WQ(G;;). Therefore E is not weakly independent

of 9.

The next example show that the strong independence of all events in two algebras
does not imply that the two algebras are strongly independent.

Let there be a algebra oy on 2 with I(01) = {1,2,3}. Define a set of priors C; on oy,
such that Ext(Cy) = {m, ma, 3, ma}, mingec, (7(F1)) # m4(Ey) and maxqec, (7(E7)) #
m4(E1). Define Cy on oy with I(0y) = {4,5,6} such that Exzt(Cy) = {n}, 7h, 74, 74} where
mj(E;) = mj(Eiy3), in short C; and Cy are identical with the one difference that C; is
defined with { £y, Fs, E3} as a partitional base and C) is defined with {Ey4, Es, Eg} as the
partitional base. Also assume that o1 N oy = {0, Q}.

Then define C|y,0, = co({m,m, w3} x {7} U {ms} x {7}, 7wy, 74} U {m,me, m3} X
{m}, 7, m}). Observe that C(E) x C(G) = Clypo, for all E € 01,G € 09, so any
such pair of events is strongly independent. On the other hand C|,, x C|,, = C; x Cy is
a strict superset of C|,,,, as m4 X 7, belongs to the former but not to the latter, so oy

and o9 are not strongly independent.
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