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Abstract

The assumption that agents’ behavior can be derived from well-defined preferences is
standardly made in the theory of housing problems and housing markets. This assumption
seems a strong one for some of the real life allocation problems for which economists have
designed allocation mechanisms. The present paper drops the assumption of rationalizable
behavior from the definition of housing problems and housing markets. Based on a suitable
definition of Pareto optimality it is shown that serial dictatorship and the top trading cycles
mechanism yield Pareto optimal outcomes. However, Abdulkadiroglu and Sonmez’ [1] strong
equivalence between these two mechanisms fails when agents’ behavior cannot necessarily
be rationalized. Furthermore, it turns out that without the assumption of rationalizable
behavior, consistency is a strong condition on a mechanism; no consistent Pareto optimal
mechanism exist when agents behavior is not rationalizable. Conversely, serial dictatorship
is a consistent and Pareto optimal mechanism when agents’ behavior is rationalizable. It
is shown that very modest deviations from the assumption of rationalizability suffice to

generate all negative results in the paper.
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1 Introduction

Many strong results have been obtained in the literature on housing problems and housing mar-
kets. Allocation mechanisms that are Pareto optimal, neutral with respect to the names of
the houses, consistent, conversely consistent and strategy-proof have been found and character-
ized. Relations between housing markets and housing problems have been established (some
of these results can be found in Hylland and Zeckhauser [9], Shapely and Scarf [17], Roth and
Postlewaite [15], Roth [16], Ma [11], Abdulkadiroglu and Sonmez [1], Ergin [6]).

While the assumption that agents’ behavior can be derived from preference maximization
is shared by all the named studies, it seems that this assumption is a strong one in some
environments in which mechanisms have been implemented. Take kidney allocation mechanisms
as an example. One difficulty with the implementation of these mechanisms is that doctors are
reluctant to state complete preference rankings over kidneys. However, the same doctors do not
seem to have any problem choosing the “best” kidney for a particular patient from a given set.!
The following story might explain the contrast between the hesitance to state preferences and
the readiness to choose. Consider the task to find the “best” kidney for patient x out of a set of
10 kidneys. Financial constraints might force doctors to use some preliminary quick and cheap
tests, to limit the set of kidneys on which they run some more detailed and expensive tests. Call
the kidney chosen according to this procedure kidney a.

Does this mean that a should be ranked above any of the other kidney’s in the set? Maybe
not. Consider the case in which only a and some other kidney b are available, and assume that b
was eliminated following the preliminary tests in the case of the choice problem with 10 kidneys.
Given that there are only 2 kidneys in the new choice problem the doctors might now be able
to run the detailed and expensive tests on both of them and discover that kidney b is actually
better than a for patient x. Doctors might be aware that their decision procedures can lead
to such non-rationalizable choices. They might know that the decisions based on some quick
and cheap tests face a risk of being overturned by more thorough research. It can therefore be
quite reasonable to refuse to state complete rankings over kidney’s if decisions are derived from
procedures other than preference maximization. Similar stories could be told (and will be told
in Section 7) to argue that the assumption of rationalizability can be a strong one in some of
the typical mechanism design problems.

Observe that the deviation from rationalizability described in the above example is not an

extreme one, in the sense that the decision procedure described above cannot be used to derive

!These statements reflect a private conversation with Utku Unver, who was involved in the design and practical

implementation of several kidney exchange mechanisms.



any possible choice function. Choice functions that are not rationalizable but do follow some
structure have recently garnered a lot of interest in decision theory. There is a large set of
studies devoted to the analysis of choice functions that can be rationalized by multiple instead
of one rationale (these many rationales might be applied to different sets as in Kalai, Rubinstein
and Spiegler [10], or sequentially as in Tadenuma [18], Manzini and Mariotti [12], Houy [§],
Apesteguia and Ballester [2] and Tadenuma and Houy [19]). Other studies concern choice
functions arising from such procedures as choosing the second best, or the median according to
some predetermined preferences (see Baigent and Gaertner [3] and Gaertner and Xu [7]). Choice
correspondences that can be “rationalized” by incomplete preferences have been characterized by
Eliaz and Ok [5]; choice functions that can be derived as subgame perfect equilibrium outcomes
of extensive form games have been characterized by Xu and Zhou [21]. In this study I will
first provide some results on housing problems that allow for any kind of choice functions, I
will then go on to see whether these results remain valid when restricting attention to choice
functions that are only “minimally irrational” according to some of the decision theoretic articles
mentioned above.

The paper is organized as follows: In Section 2 I define housing problems and housing mar-
kets and develop the necessary vocabulary to describe the choice functions of agents. Using this
vocabulary I characterize the Pareto sets and cores of housing problems and housing markets in
Sections 3 and 4. In the latter section I show that Roth and Postlewaite’s [15] result that every
housing market has a unique core has some limited validity for the case of preferences that can-
not be rationalized. In Section 5 I show that the outcomes of the top trading cycles mechanism
with given initial allocations differ markedly from the outcomes of serial dictatorships with given
hierarchies. This result stands in sharp contrast with Abdulkadiroglu and Sonmez’ [1] strong
equivalence result between these two mechanisms. In Section 6 I show that consistency is a very
strong requirement on mechanisms when the agents’ choices are not necessarily rationalizable.
Finally, in Section 7 I show that most of the results of the prior sections do not require extreme
deviations from rationalizability. In subsection 7.2 I give detailed consideration to choice func-
tions that can be derived from procedures like the one described in the above example on kidney

exchanges.



2 The Environment

A house allocation problem (or simply problem) is a triplet £ = (N, H, (¢;)ien) where
0 # |N| = |H| < oco. The set of all agents is denoted by N = {1,...,|N|} and the set of all
houses is denoted by H. Any non-empty subset K C N is called a coalition. The set of all
subsets of a set X is denoted by P(X). Foreachi € N, ¢; : P(H) — H with ¢;(S) € S is a choice
function representing the choice that agent ¢ would make when given the opportunity to choose
from a set S. If a choice function ¢; is rationalizable I write 2Z; for the preferences that rationalize
it. If in some housing problem (N, H, (¢;);en) all agents’ choice functions are rationalizable, the
housing problem can also be written as (N, H, (7i)ien). Note that the preferences 7-; yield
single-valued choice correspondences if and only if =; is a linear order meaning that it is
transitive, asymmetric and complete. Consequently, the present definition of a house allocation
problem is standard except for the assumption of choice functions instead of linear orders to
describe the behavior of agents. Throughout the text, I refer to problems (N, H, (75;)ien) with
all 77; linear orders as standard problems.

An allocation for a particular problem £ = (N, H, (¢;)ien) as a bijection u: N — H, where
w(7) denotes the house assigned to agent i. For a given allocation p, agent i is assigned house
w(7), this house is also called agent i’s assignment. At times allocations will be denoted by
vectors, with the ¢’th entry denoting agent i’s assignment. Most examples in the text concern
the case of just three agents and three houses, in this case the houses are always called x,y and
z. If [N| = |H| = 4 the houses are called x,y, z and w. Generic houses are denoted by the Greek
letters a, B and 7.

A housing market or simply market is defined as a quadruple (N, H, (¢;)ien, i), with the
interpretations of N, H and c¢; as above and p : N — H an allocation describing the initial
endowment of the agents. The only difference between the classical definition of markets given
by Shapley and Scarf [17] and the present definition is that the former uses preferences instead
of choice functions to describe the behavior of agents. If for some market (N, H, (¢;)ien, i) all

7, such a market can also be

~

agents choice functions ¢; are rationalizable by some linear orders

denoted by (N, H, (7Z;)ien, ) and is called a standard market.

2.1 Characterizing the Choice function

Throughout the text I will use two notions of “preference.” All of the following definitions
presume a fixed problem & = (N, H, (¢;)ien). According to the first and weaker definition I

say that agent ¢ R-prefers house a over house (3, formally aRS, if there exists a set of houses



S C H such that a, 8 € S and a = ¢;(S). On the other hand I say that agent i P-prefers
house a over house 3, formally aPg, if 8 # c;(S) for all S C H with a, 3 € S.2 Observe that
aPp holds if there exists no set such that § is chosen when « is available; conversely, there
needs to exist only one set containing o and § such that « is chosen for R to hold. A linear
order B* is considered a linear extension of a binary relation B if aBg implies aB* for all
a, 8 € H. Conversely, a linear order B* is considered a linear selection from a binary relation
B if aB* implies aBg for all o, € H. When speaking about the preference of a particular
agent i, R and P will be indexed by the subscript ¢. The following Lemma compares the notions
of P-preference and R-preference to each other and establishes the point that P-preference is in

0

a sense “deeper,” “stronger” or “more reliable” than R-preference.
Lemma 1

o P is asymmetric and acyclic, but need not be transitive or complete.

R is complete and reflexive, but need not be transitive.

o The statement aP( holds if and only if the statement SR« does not hold. If aP3 holds
then aRS holds.

e The choice function c is rationalizable if and only if P = R.

P has a linear extension. There exists a linear selection from R.3

Proof

e Suppose P was cyclical, that is suppose there existed a1, ao, ..., o, € H such that a; Pojq
for j =1,..n —1 and a,Pa;. Then we must have that c({aq, as,...,an}) =0 as a1 #
c(S) for any S with o, 41 € Sfor j =1,...,n—1and c({a1,as,...,an}) # a1 as a, Poy.
This would imply a contradiction with the assumption that ¢ is a function. Acyclicity
implies asymmetry. To see that P need not be transitive or complete, take the following
choice function on the set H = {z,y,z2} : c({z,y,z}) = =, c{z,y}) = =, c({y,z}) =
y, c¢({z,z}) = z. Observe that P consists of the two statements Py and yPz, however x

and z remain unranked by P.

*Bernheim and Rangel [4] define a similar relation P* for the case of choice correspondences that might not be
defined on all subsets of a grand set and might depend on some ancillary condition. For the simpler case covered

here (the case of a choice function mapping all subsets of H without any ancillary condition) P and P* coincide.
3Some of the statements and proofs are very close to Bernheim and Rangel [4]. However, the results presented

here differ due to the slight difference in the definition of the relations P in the present paper and P* in their

work.



e Take any «, 5 € H we either have o = c¢({«, #}) and therefore aR3 or § = c¢({«, 5}) and
therefore GRa. The completeness of R also implies its reflexivity. To see that R need not
be transitive observe that zRx and xRy hold for the above example, whereas zRy does

not.

e The statement SRa does not hold if and only if there exists no S with a,3 € S and
B € ¢(S), which is exactly the definition of aPf. If a P holds, then « R must hold as R

is complete and SR« cannot hold by the above argument.

e The equality P = R does not hold if there exist some «, § such that aRG and SRa. In this
case there must exist sets 5,7 C H with o, € T'N S such that ¢(S) = o and ¢(T") = (.
Clearly, such a choice function cannot be rationalized. On the other hand, if ¢ is not
rationalizable then the a-axiom is violated, so there exist sets S C T and some « € S such
that a € ¢(T) but a ¢ ¢(S). Let 8 = ¢(S). Then we have that aRS as a = ¢(S5) with
a, 3 € S but not aP as the set T with a € T has 3 = ¢(T).

e To see that a P has a linear extension, first construct a binary relation P’ such that aP’f3
if there exist aq,...,a, € H such that aPajPas..., Pa, P3. Now let aP’3 and 3P'y.
This implies that there exist aq, ..., an, 81, ..., Bm € H such that aPaj Pas..., Pa, P38 and
BPB1Pps...PBy, Py. Combining these latter two statements yields aP’y. So P’ is transi-
tive. Observe that P’ is also asymmetric. Szpilrajin’s theorem guarantees the existence of
a linear extension P* of P'.* Since aPf3 implies that aP’3, P* is also a linear extension
of P. Next observe that any linear extension P* of P is a linear selection of R. To see this
observe that aP*( implies that either P or that o and § are not ranked by P. In the
first case aR3 holds as aP( implies that a3, in the second case RS holds as o and (3
are unranked by P if and only if both RS and SR« hold.

O

4Given that we are only concerned with finite sets here, Szpilrajin’s theorem is not needed for the conclusion;

instead an elementary proof could easily be constructed. Szplirajin’s Theorem can be found in Ok [13].



3 Pareto Optimality

Mechanisms can be judged on the basis of whether they lead to Pareto optimal outcomes.
This criterion cannot directly be applied here as the notion of Pareto optimality builds on
the assumption of agents’ preferences as primitives in the definition of housing problems and
markets. In the present study preferences are neither assumed as primitives nor implied by an
assumption of rationalizability. The two notions preference defined above allow me to define two
kinds of Pareto rankings that are appropriate for the present context. The following Lemma

relates the two notions of Pareto-optimality to each other.

Definition 1 An allocation i’ represents a P- (R-)improvement over i if there erists a
coalition K C N such that p' (i) Pp(i) (1 (1) Rip(i) and p'(i) # w(i)) for all i € K and p'(i) =
w(i) for alli ¢ K. An allocation p in € = (N, H, (¢;)ien) is called P- (R-) Pareto optimal if
there does not exist another allocation i’ that represents a P- (R-)improvement over u. I write
P —PO(E) (R— PO(E)) for the sets of P- (R-)Pareto optimal allocations for problem &.

Lemma 2 Fiz a housing problem (N, H, (¢;)ien). R—PO(E) C P—PO(E). If ¢; rationalizable
for all i, then R— PO(E) = P— PO(E); the inverse does not hold. The set P — PO(E) is always
non-empty. The set R — PO(E) might be empty.

Proof Suppose ¢ P— PO(E). This means there exists another allocation p/ and a coalition
K C N such that /(i) P;u(i) for all i € K and u(i) = p/(i) for ¢ ¢ K. Part 1 of Lemma 1
implies that p/(i)R;u(i) for all i € K, u/(i) # p(i) for all i € K and u(i) = p/(i) for i ¢ K
which in turn implies that u ¢ R — PO(E). The equality of R — PO(E) and P — PO(E) for the
case of rationalizable choice functions is implied by the fact that P and R coincide in that case

(Lemma 1).

To see that the inverse conclusion does not hold take the following 3 agent example:

Example 1 Let the choice functions of agents 1 and 2 be rationalizable by x =1 y >=1 z and

z =9 Yy =9 x respectively. Assume that the choice function of the third agent is given as follows:

03({x,y, Z}) =7, 03({'7}’3/}) =, 03({3/7 Z}) =Y 63({1‘,2}) =z

Observe that (y,z, 2),(z,z,y) and (z,y,x) are not contained in either R — PO(E) or P —
PO(€) as for each of these allocations agents 1 and 2 would be better off by exchanging their
houses. Next observe that (z,z,y) € R— PO(E)NP —PO(E) as agents 1 and 2 each obtain their



most preferred house under this allocation. Any alternative allocation would make at least one
of them worse off (according to P; or R;, which coincide for the two agents as they are rational).
Next observe that (z,y,2) ¢ P — PO(E) (and therefore by the first part of the current Lemma
(z,y,2) ¢ R—PO(E) ) as agents 2 and 3 are better off according to P, and P3 when exchanging
their respective houses. Finally, (y,z,2) € R — PO(E) C P — PO(€) as agent 2 already owns

her most preferred house while agent 3 P-prefers x to y.

No separate proof of P — PO(E) # () is provided here as this is a consequence of Theorem 1,
which is shown below. For an example that R — PO(E) might be empty, take a three agent

example with the following choice functions:
Example 2

a({z,y,2}) =2, a(zy}) =2, aly.z})=y, a(zz})=2
02({‘737%2}) =Y, 62({x7y}) =Y, CQ({Z/,Z}) =% 02({x72}) =z
cs({z,y,2}) =2, a({z,y}) =y, as{y.2}) =2 c{z2}) =2

Observe that, on the one hand, (z,y,z) ¢ R — PO(E) as (z,y,x) R-Pareto dominates (z,vy, 2).
On the other hand any allocation u # (z,y, z) is R-Pareto dominated by (z,y, z).

g

Lemma 2 has the consequence that we cannot hope for mechanisms that are Pareto optimal
in the sense that any problem & is mapped to an allocation in R — PO(E). Example 2 shows
that for some problems & the set R — PO(E) is empty. At the same time one might develop the
suspicion that it could be difficult to find mechanisms to map problems to any of the allocations
in the larger of P-Pareto optimal allocations. Just as as the set R— PO(&) can be very small the
set P — PO(E) can be very large. The allocations reached by “good” mechanism will probably
be nested between the two Pareto-sets. In the next section some of the current results on R-
and P-Pareto optimality are paralleled by some results on the suitably defined P- and R-cores

of markets.

4 The Core

Roth and Postlewaite [15] show that any standard housing market has a non-empty and

unique core (defined by weak domination). In the present section I show that this result has



some limited validity when agents’ choice functions are not necessarily rationalizable. The core
for the R-ranking contains at most one element and the core for the P-ranking is always non-
empty. The two cores are nested; therefore Roth and Postlewaite’s result directly translates to
the case of non-rationalizable choice functions if and only if the cores according to both notions
of preferences coincide. Before I formally state and prove all this, note that two important
intuitions can be gleaned from the preceding section for the main result of this section. First of
all, just like the standard definition of the core by weak domination, the present notion of the
core has the feature that any of its elements are Pareto optimal. Since we know from Lemma 2
that the R-Pareto optimal set of some problems can be empty, we can already conclude that
the core of some markets must be empty. Secondly, the proof that the cores according to the
two notions of preference are nested follows along the same lines as the proof that the R- and

P-Pareto set of a problem are nested.

Definition 2 A matching n is in the P- (R-) core of the housing market (N, H, (¢;)ien, i) if
there ezists no coalition K C N and matching v such that, v(K) = p(K) and v(i)Pin(i) for some
i € K and v(i) = n(i) for all other i € K (v(i)Rn(i) for alli € K and v(i) # n(i) for some i €
K). The P- and R-cores of a market (N, H, (¢;)ien, ) are denoted by P —core(N, H, (¢;)ien, 1t)
and R — core(N, H, (¢;)ien, i) respectively.

If we consider only rationalizable choice functions, the definitions of the P- and the R-core
coincide with the standard definition of the core by weak domination. In that case the core is
denoted by core(N, H, (7Z;)ien, it). An analogue to the core by strict domination can be obtained
by requiring that no allocation v exists such that v(i)P;n(i) (or in the case of the R-ranking
v(i)Rin(i) together with v(i) # n(7)) holds for all i € K in addition to v(K) = u(K). Observe
that any allocation in the P-core is P-Pareto optimal and that u € P — core(&, u) for any
that is P-Pareto optimal. The same holds for the R-core.

Theorem 1 Fiz a housing market (N, H, (¢;)ien, it). The P-core of this market is non-empty,
and it might contain more than one allocation. The R-core of this market might be empty, and it

contains at most one allocation. Finally, R—core(N, H, (¢;)ien, ) C P—core(N, H, (¢i)ien, 1t).

Proof Let P be a linear extension of P; for all i. We know from Roth and Postlewaite [15]
that the core(N, H, (P)ien, it) is non-empty; say it contains some 7). There exists no coalition
K C N and matching v such that, v(K) = p(K) and v(i) Pfn(i) for some ¢ € K and v(i) = n(i)
for all other ¢ € K. This in turn implies that there exists no coalition K C N and matching

v such that, v(K) = u(K) and v(i)Pn(i) for some i € K and v(i) = n(i) for all other i € K.



Consequently 7 is in the P-core of the market (N, H, (¢;)ien, it).>

To see that P-cores need not be unique, reconsider Example 2 given in the proof of Lemma 2.
Consider the housing market (N, H, (¢;)ien, ) with u = (x,y, z). The allocation x is an element
of P —core(N, H,(c;)icn, 1t), as it is itself P-Pareto optimal. To see that n = (z, z,y) is also an
element of P — core(N, H, (¢;)ien, i), suppose an allocation v and a coalition K existed such
that v(K) = pu(K) and v(i)Pn(i) for some i € K and v(i) = n(:) for all other i € K. Since
agent 1 P-prefers neither y nor z to x, v(1) = = must hold. For v to differ from 7 we must
have that v(2) = y. This implies a contradiction as v(2)Pen(2) does not hold for v(2) = y and
1(2) = z. Thus there are (at least) two allocations in P — core(N, H, (¢;)ien, 1t)-

The same example demonstrates that the R-core might be empty. We know from the proof
of Lemma 2 that the R-Pareto set of the problem is empty. Since any element of the R-core has
to be R-Pareto optimal, the R-core itself must be empty.

To see that the R-core of a housing market contains at most one element, observe that for
any 71 € R — core(N, H, (¢;)ien, i) there exists no coalition K C N and matching v such that
v(K) = u(K), v(i)Rn(i) for all i € K and v(i) # n(i) for some i € K. This implies that for any
set of linear selections (R} );cn of (R;)icn, there exists no coalition K C N and matching v such
that v(K) = pu(K), v(i)R;n(i) for some i € K and v (i) = n(i) for all other i € K. Consequently,
7 is also an element of core(N, H, (R} );en, i) for any set of linear selections (R} );en of (R;)ien-
We know from Roth and Postlewaite [15] that core(N, H, (R})icn, ) is unique for any (R} )ien.
This implies that R — core(N, H, (¢;);en, pt) contains at most one element.

The proof of R — core(N, H, (¢;)ien, ) C P — core(N, H,(ci)ien, i) exactly parallels the
proof of R — PO(E) C P — PO(E) in Lemma 2 and is therefore omitted. O

5 Allocation Mechanisms

An allocation rule ¢ maps any problem & = (N, H,(¢;)ien) to a unique allocation ¢(&).
In this section I will compare two of the most prominent house allocation mechanism: serial
dictatorship and top trading cycles. The first mechanism concerns house allocation problems;
allocations are established by letting agents choose houses in a predetermined order. This
predetermined order is given by a bijection m : N — N that assigns position 7 (i) to agent i,

such a 7 is called a hierarchy. The latter mechanism concerns housing markets; it presumes

5This proves the assertion that the “set P — PO(€) is always non-empty” made in Lemma 2 as §§ # P —
core(N, H, (¢;i)ien, ) C P — PO(E) for any initial endowment p.

10



an initial endowment from which agents can trade away. Except for a small adjustment in the

definition of top trading cycles, the following two definitions are standard.

Definition 3 An allocation rule ¢ is a serial dictatorship if there exists an hierarchy ™ and
it holds that

I write @™ for the serial dictatorship induced by the hierarchy w. The the set of all allocations that
can be achieved through the rule of serial dictatorship for a given problem & is called SD(E) :=

Ux ¢7(€)-

Definition 4 An allocation rule ¢(-) := 7(-, 1) is a top trading cycle mechanism with en-
dowment p if it is arrived at by the following procedure: First calculate c¢;(H) for all i € N.
Define a function f : N — N, mapping agent i to the agent who is assigned the house c;(H)
under ju, formally f(i) = p=(ci(H)). Let ¢(€)(i) = c¢;(H) for any i such that f"(i) = i for
some finite n.5 Assign all agents i that are part of such a “cycle” the house c;(H), eliminate
these agents and houses from consideration. Restart the same procedure with the remaining sets
of agents and houses. Since N is finite all houses are assigned in finitely many steps. For a
given problem & define the set of all allocations that can be achieved through the top trading cycle
mechanism for some endowment p as TTC(E) :== U, 7(E, p).

The definition of top trading cycles given here differs slightly from some definitions in the
literature insofar as that the definition given above needs to insist on a particular order of
elimination of agents. To see this more clearly, reconsider Example 2 provided in the proof of
Lemma 2 together with the initial endowment (z,y, z). Construct f and observe that f(i) =i
for i = 1,2,3. According tot he present definition all three top trading cycles are eliminated
simultaneously and 7(&, (x,y, z)) = (x,y, z) obtains. If on the other hand only agent 2 and house
y are eliminated in round 1, the recalculation of f for the second round as yields f(1) = 3 and
f(3) = 1. Given the sequential elimination of top trading cycles the allocation (z,y, z) would be
obtained. Since the order of the elimination of trop trading cycles does not matter in the case
of standard housing markets, definitions for this case do not need to specify a particular order

of elimination. The simplest choice to obtain a well-defined rule for the present case of choice

5The function f™ : N — N is defined as the n-th repetition of f such that (i) = f(f(....f(4))) for all 4. Since

N is finite we have that f"(i) =4 for some i, n.

11



functions that are not necessarily rationalizable is to mandate that all top trading cycles be
eliminated at once. The next Lemma describes a class of problems & for which the top trading
cycles mechanism determines the same allocation for any initial allocation u. This observation

will be of use in some of the later proofs.

Lemma 3 Let (N, H,(¢;)ien, i) be a market such that ¢;(H) # ¢y (H) for all agents i # i'.
Then TTC(g) = (Cz(H))zEN

Proof Observe that 7(€,u) = (¢;(H))ien holds if every agent is assigned a house in the
first round of elimination of top trading cycles. So suppose that for some p not all agents are
eliminated in the first round of top trading cycles. Partition the set of agents N into N7, the
(non-empty) set of agents such that f™(i) = i for some n € N where f is defined as in the
definition of the top trading cycles mechanism, and Ny = N/Nj, the remainder. Since Ny is
finite, for any i € Ny one can find an n/ € N such that f (i) € N;. There must, in particular,
exist a agent i’ € Ny such that f(i') = " € Ny; for this agent we have that ¢y (H) = pu(i").
But since f(i”) = 4", there also exists an agent i/ € N for whom ¢y (H) = p(i"”) holds, a

contradiction with the assumption that ¢;(H) # ¢y (H) for all agents ¢ # i'. O

For the standard case, a rule is considered Pareto optimal if ¢(€) is Pareto-optimal for
all problems £. Similarly, in the present study, a rule is considered P- (R-)Pareto optimal if
$(€) € P—PO(E) (R— PO(E)) for all problems £. While it is relatively easy to show that
serial dictatorship and the top trading cycles mechanism are Pareto optimal mechanisms for
standard problems, Abdulkadiroglu and Sonmez [1] show a much stronger result for this case:
they show that serial dictatorship and top trading cycles lead to the “same” allocations in the
following sense. They first define two random mechanisms which determine allocations based
on equiprobable lotteries. According to the first mechanism, random serial dictatorship,
each hierarchy is selected with equal probability, and allocations are then determined by serial
dictatorship. According to the second mechanism, the core from random endowments, each
initial endowment is selected with equal probability, and allocations are then determined as the
corresponding cores. Abdulkadiroglu and Sonmez [1] show that random serial dictatorship and
the core from random endowments are equivalent mechanisms in the sense that they imply the
same distribution over allocations. They furthermore show that the support of each of these
mechanism is the entire set of Pareto optimal allocations for a problem £.

We already know from Theorem 1 that the P-core of a market (N, H, (¢;)icn, i) need not
be a singleton, whereas the R-core of the same market might be empty. The core from random

endowments is therefore not even well-defined for the case of non-rationalizable choice functions.
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Consequently Abdulkadiroglu and Sonmez’s result cannot hold for the present context. However,
for the case of rationalizable choice functions, it does hold that the unique core allocation of
a market (N, H, (¢;)ien, 1t) can be determined via the top trading cycles mechanism (see Roth
and Postlewaite [15]). The top trading cycles mechanism also leads to a unique allocation for
every market (N, H, (¢;)ien, ). Therefore one might find an equivalence result between random
serial dictatorship and markets with random endowments, in which each initial endowment
is selected with equal probability and allocations are then determined through the top trading
cycles mechanism.

This modification of Abdulkadiroglu and Sonmez’ [1] result does not hold either for the
case of non-rationalizable choice functions. In fact, not even the necessary condition that
TTC(E) = SD(E) holds for the case discussed in this paper. In the context of non-rationalizable
preferences, markets with random endowments and random serial dictatorship need not have
the same support. To contrast the rationalizable with the non-rationalizable case, I first state
the following Lemma from Abdulkadiroglu and Sonmez’ [1] (the proof can be found in their

article).

Lemma 4 Fiz a standard housing problem (N, H, (;)ien). Then R— PO(E) = P—PO(€) =
TTC(E) = SD(E).

Lemma 4 contrasts with Theorem 2 in that neither SD(E) nor TTC(E) need to coincide
with either one of the two Pareto sets, R — PO() and P — PO(E). Furthermore, they need not

coincide with each other, in fact they do not even need to be nested.

Theorem 2 Fiz a housing problem (N, H, (¢;)ien). R—PO(E) C SD(E)NTTC(E), SD(E)U
TTC(E) C P— PO(E). The inverse inclusions need not hold. The sets SD(E), TTC(E) need

not be nested.

Proof Let u€ R— PO(E). Define f : N — N as in the description of the top trading cycles
mechanism. Define n* = min,, f"(i) = i (by the finiteness of the problem this is well-defined).
Suppose that n* > 1. Define K := {i : f™(i) = ¢ for some n < oo} and p’ by p'(i) = ¢;(H)
for i € K and p/(i) = p(i) for i ¢ K. Observe that p/ R-improves on p as p/(i)R;u(i) for all
i€ K, (/(i) # u(i) for all i € K and p/(i) = u(i) for all i ¢ K. So p cannot have been in
R— PO(E). Therefore it must be true that n* = 1, which implies there exists an an ¢* such that
w(i*) = ¢;(H). Define m(:*) = 1. Eliminate i* and ¢;»(H) = p(i*) from consideration. Next,
by the same argument as above we can find an ¢’ such that u(i") = ¢y (H/u(i*)). Let w(i) = 2.
The procedure yields a hierarchy = such that ¢™(£) = p and therefore R — PO(E) C SD(E).
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To show that R — PO(E) C TTC(E), let p € R— PO(E) and calculate 7(€, ). Observe that
no top trading cycle can contain more then 1 agent. If such a cycle existed it would be possible
to R-improve upon pu, a contradiction with the assumed R-Pareto optimality of u. Since there
must exist at least one such trading cycle, there must exist an ¢* such that p(i*) = ¢;+(H).
Eliminate all the agents and houses that form top trading cycles (of length 1). Repeat the
argument with the remaining sets H' and N’ until no more agents and houses remain to obtain
w=T7(&, ) and therefore R — PO(E) C TTC(E).

To see that the inclusion R — PO(E) € SD(E) NTTC(E) might be strict, reconsider Exam-
ple 2. The set of R-Pareto optimal allocations for this problem is empty. On the other hand, it
holds that (z,y,2) = 7(€, (z,y,2)) and (z,y, z) = ¢"(€) for n(1) = 1, 7(2) = 3 and 7(3) = 2.
The subset relation holds strictly as (x,y,z) € SD(E) NTTC(E).

To see that SD(E) C P — PO(E) holds, suppose there existed an allocation p € SD(E)/P —
PO(€&). So we can find an alternative allocation ' and a coalition K C N such that p'(z)P;u(7)
for all i € K and p(i) = p/(i) for i ¢ K. Let p = ¢™(€) and let i* = argmin;exm(i). When it
is player i*’s turn to choose p(i*), p/(i*) are still available. But p/(i*) Py« p(i*) implies that i*’s
choice will never be u(i*) when p/(i*) is available. So u cannot have been generated by a serial
dictatorship.

To see that TTC(E) C P — PO(E) holds, suppose p = 7(€,n) for some initial endowment
7. So we can partition the set of agents into N = Nj U Na U N3 U ---U Ny, such that the agents
in N; trade their houses as part of the j'th round of top trading cycles. Now suppose that
u ¢ P — PO(E), so there exists an allocation p/ and a coalition K C N such that p/(z)P;u(i)
for all i € K and p(i) = /(i) for all i ¢ K. Let i* be such that i* € N+ N K for 7* = min{j :
N; N K # 0}. This agent ¢* is assigned house p(i*) when houses p(Nj+ U Nj«y1,--- U Ni) are
still available. So we must have that ¢« (p(Nj+ U Nj«41,--- U Ng)) = p(i*), a contradiction with
(%) Pigu(i*) as g/ (i) € p(Nje U Njey1, - - U Np).

To see that P — PO(E) need not be a subset of TTC(E) U SD(E) and that TTC(E) and

SD(E) need not be nested, consider the following example.

Example 3 Let c1({z,y,2}) = =z, co({z,y,2}) = y and c3({z,y,2}) = z. Assume that the
choice behavior on all other sets can be rationalized by preference orders —; that rank ¢;({z,y, z})
lowest for each of the 3 agents. Lemma 3 implies that T7C(E) = {(z,y,2)}. To see that
(z,y,2) ¢ SD(E), suppose we had (x,y, z) = ¢™ () for some hierarchy . Say the first person to
choose is agent i, who chooses ¢;({x,y, z}). Next observe that the second agent, agent j, would
never choose ¢;({x,y, z}), as j would rank ¢;({z,y, z}) lowest for every strict subset of {x,y, z}.
Therefore, since SD(E) # 0, the two sets SD(E) and TTC(E) are not nested. Finally assume
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in addition that ¢1({y,2}) =y, c2a({2z,2}) = z and c3({x,y}) = x. Observe that the allocation
= (y,z,z) is an element of P — PO(E) as for no i € N does there exist an « € {z,y, 2z} such
that aP;u(i). On the other hand, u is not in TTC(E) U SD(E) as ¢;(H) # u(i) for all agents
i=1,2,3.

g

Theorem 2 holds some good and some bad news for the two most prominent allocation mech-
anism for housing problems when choice functions of agents are not necessarily rationalizable.
First of all, any R-Pareto optimal allocation can be reached via serial dictatorship or the top
trading cycles mechanism given the appropiate hierarchy 7 or initial allocation u respectively.
Given that the set of R-Pareto optima might be empty, it comes as no surprise that neither
one of the two mechanisms is R-Pareto optimal; such mechanisms simply cannot exist. On
the one hand, it should be satisfying to know that both mechanisms are P-Pareto optimal. It
might, one the other hand, be of some concern that serial dictatorship and the top trading cy-
cles mechanism yield different allocations and that there are P-Pareto optimal allocations that
cannot be reached via either one of the two mechanisms. This brings up three related questions:
Does Theorem 2 continue to hold if we restrict our attention to certain “minimal” deviations
from rationalizability? Maybe any P-Pareto optimal allocation can be reached via one of the
two mechanisms if we only consider a particular subclass of non-rationalizable choice functions.
In Section 7 I give a mostly negative answer to this question. Secondly, we might search for
some alternative mechanism X through which all possible P-Pareto optimal allocations could
be reached. I discuss this question further in my conclusion. Finally we might develop a notion
of “Q-preference” that stands in between the two notions proposed here and would consequently
yield a @-Pareto set that is nested between the R- and the P-Pareto set. This Q-Pareto set
might coincide with the set of allocations that is reachable via either one of the two mechanisms.
This approach to mitigate the problem is related to the first approach in that one would prob-
ably need more assumptions on the derivation of choice functions to define such a ranking Q.
In the following section I show that serial dictatorship and the top trading cycles mechanism
fare much worse when judged by the criterion of consistency. In fact, I show the stronger result
that there is no P-Pareto optimal mechanism that is consistent when considering problems with

non-rationalizable choice functions.
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6 Consistency

In this section I show that there are no P-Pareto optimal consistent allocation rules ¢,
where consistency is a requirement on the connection between allocations ¢(€) for problems &
and allocations ¢(€’) for subproblems £’ that only concern a subset of the houses and agents
in the original problem £. More precisely, an allocation rule ¢ is called consistent if agent ¢
gets assignment ¢(€)(i) also when ¢ is applied to a subproblem &' = (N', H', (c});en) of € that
differs from & only insofar as that the agents N/N’ and their assignments under ¢: ¢(N/N’) are
missing in &', so H' = H/¢(N/N'). A rule ¢ is consistent if its application to a problem yields
the same result as the sequential procedure according to which the first application of the rule
is used to determine the assignments of a subset of agents, before the rule is reapplied to the
remaining houses and agents to determine the final allocation. Some more formalism is needed
to give precise definitions.”

A problem &' = (N', H', (¢})ien’) = '/ (E) is called a reduced problem of & with respect
to N'C N at pif H = p(N') and ¢ = ¢;|p(gy for all i € N’. In this section I consider a fixed
grand sets of agents and houses N* and H*, and the grand set & of all problems £ that can be
constructed using agents and houses from these sets N* and H*. The preferences P and R are
defined with respect to the choice functions on the set H*. I furthermore define the set § as the
set of all bijections from subsets N of N* to subsets H of H*. Formally these two definitions

can be expressed as:

¢ = {&=(N,H, (ci)ien)| € aproblem, N C N* and H C H*}
= {u:N—H|NCN*, HCH"and p a bijection }.

Observe that any reduced problem £’ of some problem £ € € is a member of the grand set
of problems. A rule maps the set of problems to the set of allocations such that only allocations
that are feasible for a particular problem are being selected. Formally a rule is a function
¢ : € — § such that ¢(&) is an allocation for £.

Definition 5 A rule ¢ : € — § is consistent if for any problem € = (N, H, (¢;)ien) € €, and
any 0 # N' C N one has $(E)(i) = ¢(E')(i) for all i € N' and for &' = ri,(,g)(g). A rule ¢ is

called pairwise consistent if the above holds for all two agent subsets N' C N.

TA comprehensive discussion of the consistency condition and its applications can be found in Thomson [20].
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The fact that the set of all choice functions on H contains the set of all rationalizable choice
functions entails some strong restrictions on P-Pareto optimal and pairwise consistent rules for
subproblems with only two agents. The following Lemma uses this idea to derive an observation
on two agent subproblems which is used in turn to show that there are no P-Pareto-optimal

and pairwise consistent rules when considering the larger set of all choice functions.

Lemma 5 Let ¢ be a pairwise consistent and P-Pareto optimal decision rule. Let € = (N, H, (¢;)ien) €

€ be such that N = {j,7'}, H = {«, 8}, ¢;({a, B}) = @ and cjy({a, B}) = 5. Then ¢(£)(j) =«
and ¢(€)(j') = B must hold.

Proof Define a problem £* = (N*, H*, (¢} )ien+) such that all choice functions ¢; are rational-
izable and ¢} (H*) # cj,(H*) for all i # ¢'. Also let ¢j(H*) = a and ¢},(H*) = . Lemmata 3
and 4 together with the P-Pareto optimality of ¢ imply that ¢(£*) = (¢;(H*));en+. Pairwise
consistency implies that ¢(E*)(i) = ¢(E')(4) for & = 1"7(,(,5*)(5*) and any ¢ € N’ C N* with
|N'| = 2. Letting N’ := {j, 7'}, pairwise consistency implies in particular that ¢(€)(j) = « and
d(E)(J") = B as desired. O

Theorem 3 Let |[N*| = |H*| > 3. There exists no P-Pareto optimal pairwise and pairwise

consistent rule ¢ : € — §.

Proof

Reconsider the problem defined in Example 2 as an element of €. For ¢ to be P-Pareto
Optimal it must hold that ¢(£) € P — PO(E) = {(z,y, 2), (x, z,v), (2,y,2) }. If ¢(&) = (2, vy, 2),
then pairwise consistency would imply that ¢(&)(1) = x for & = r?l(?} (&). As c1({x,z}) = =
and c3({z,z}) = z Lemma 5 forces us to conclude, on the other hand, that ¢(£’)(1) = z which
is a contradiction. Similarly, if ¢(€) = (z, z,y), then pairwise consistency would imply that
¢(7“?1(752)}(€)(1) = x, whereas Lemma 5 together with ¢;({z,2}) = z and c2({z, z}) = = implies
that gb(r?l(g)}(g)(l) = z, a contradiction. Finally, if ¢(£) = (z,y,x), then pairwise consistency
and Lemma 5 together with ¢;({y,2}) = y and ¢2({y,2}) = 2 imply that both ¢(E”)(1) = =

and ¢(€")(1) = y would have to hold for & = r?l(gz)} (€), a contradiction. O

Theorem 3 stands in strong contrast with results on consistent rules for the standard case of
housing problems in which linear orders are assumed as primitives. Ergin [6] shows that simple
dictatorships are not just pairwise consistent but consistent in that case. He shows furthermore
that serial dictatorships are the only rules that are Pareto optimal, pairwise consistent and

“neutral” in the sense that the names of houses do not matter. Serial dictatorship turns out
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to be the only rule of normative or practical interest in the the set of rules satisfying pairwise
consistency and neutrality. He interprets this latter result as a negative one, saying that “drop-
ping efficiency does not allow us to recover rules having other properties of normative interest”
- as long as we require pairwise consistency and neutrality. The case discussed in the present
study looks markedly different: there is no rule satisfying pairwise consistency and P-Pareto
optimality. Given that the choice functions of agents are themselves in a sense not consistent,
pairwise consistency turns out to be a very strong requirement on rules. This brings up again the
question whether a restriction to moderate deviations from rationalizability suffice to generate
this negative result. In the next section I show that Theorem 3 remains valid when restricting
attention to grand sets of problems & that only allow for the most minimal deviations from

rationalizability.

7 Minimal Non-Rationalizability

The results of Sections 3 through 6 are mostly of a negative nature. In these sections I did
show that many of the most basic results for house allocation problems and housing markets do
not extend to the case of choice functions that are not rationlizable. Most proofs therefore rely
on the construction of counter-examples in which at least some agents’ choice functions are not
rationalizable. In the following section I investigate the question whether “extreme” deviations
from rationalizability are needed to construct these examples. To do so, some measures of the

degree of non-rationalizability need to be introduced and discussed.

7.1 Multiple Rationales

Kalai, Rubinstein and Spiegler [10] introduced the notion of rationalization by multiple
rationales according to which the set of all choice problems is partitioned into different sub-
groups, and every subgroup of choice problems is decided by a different predetermined linear
order (rationale). Any choice function can be rationalized by multiple rationales as one can
simply define a rationale per choice problem. Rationalizable choice functions are distinguished
by the fact that a single rationale suffices to derive the choices from all sets. Kalai, Rubinstein
and Spiegler propose a notion of choice functions being more or less “rational”, which is based on
the minimal number of rationales needed to derive the choice function. In accordance with their
definition let me say that a choice function is KRS-irrational of degree m > 2 if at least m

rationales are needed to derive the choice function. Kalai, Rubinstein and Spiegler demonstrate
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that any choice function on a set with n elements is at most KRS-irrational of degree n — 1.
All examples used in the prior sections concern choice sets with just 3 elements. Therefore the
minimal degree of KRS-irrationality suffices to generate all of the above deviations from stan-
dard results on mechanism design. Using KRS-irrationality as the criterion, the most moderate
deviation from rationalizability suffices to obtain the results of the prior sections. Note that the
degree of KRS-irrationality is a purely formal measure. Other authors considered deviations
from rationalizability that derive from particular decision procedures or particular contexts. In

the following subsections 7.2 through 7.4 I discuss such deviations from rationalizable behavior.

7.2 Sequential Rationalizability

In this section I consider a decision-maker who chooses by sequentially applying a set of
fixed asymmetric binary relations to eliminate inferior alternatives. Choice functions that arise
from such procedures have been studied by Tadenuma [18], Manzini and Mariotti [12], Houy [8],
Apesteguia and Ballester [2] and Tadenuma and Houy [19], among others. There are many
contexts in which this kind of behavior would appear natural.

Consider a classical housing problem with 100 houses. Suppose that each agent has easy
access to some short descriptions of all houses. An agent who needs to choose one out of the
100 houses might use an incomplete ranking based only on the short descriptions to eliminate a
good deal of the houses from consideration. The agent might then make house visits to develop
a complete ranking over the remaining houses. He uses this ranking to pick the best out of
the remaining houses, call this house z. Suppose there is a house called y which is rejected
immediately since it is dominated by a house called x according to the short description. Also
assume that according to the short description gy is only dominated by x. Now consider the
choice problem in which all of the houses in the prior problem except for z are available. The
information contained in the short descriptions no longer suffices to eliminate y from consider-
ation right away. Thus the agent decides to include y in the set of visited houses, in the choice
problem with 99 houses. It might result that the visit reveals y to be a gem and therefore chosen
out of the set of 99 houses. Clearly such behavior is inconsistent with rationalizability.

Similar stories could be told for other typical mechanism design problems. As mentioned
in the introduction, financial restrictions might force doctors in kidney exchange problems to
reject some kidneys based on only a few cheaper tests, they might conduct all possible tests of
compatibility only on a small set of kidneys that are not immediately rejected by the preliminary

tests. Participants in school assignment mechanisms might not be able to invest the same amount

19



of resources to develop a full preference ranking on all possible schools. In short, procedures of
sequential rationalization might be particularly relevant to many typical “housing problems”. In
this subsection I investigate whether a restriction to choice functions that can be derived from
such procedures would overturn some of the results of the prior sections. To formally define
sequential rationalizability, let mazp(S) denote the set of maximal elements in S according to
P, that is mazp(S) :=={x € S: Py € S:yPx}.

Definition 6 A choice function ¢ : P(H) — H is a rational shortlist method (RSM) if
there exist two asymmetric relations P! and P? such that c(S) = maxp2(maxpi(S)) for all
S C H. A choice function is k-sequentially rationalizable if there exist asymmetric and

transitive relations P!, ..., P¥ such that c(S) = argmaz pr (argmaz pr-1(....argmazp1(S))).

The definition of a rational shortlist method is taken straight from Manzini and Mariotti [12],
who provide an axiomatic characterization of all choice functions that are RSMs. Different from
Manzini and Mariotti’s notion of k-sequential rationalizability, the present notion of k-sequential
rationalizability requires not only that the relations P’ be asymmetric but also that they be
transitive. The present definition is, therefore, more in tune with Tadenuma [18], who studied
the sequential application of two binary relations, namely Pareto domination and a criterion of
equity. The assumption that each of the sequentially applied rationales is transitive also fits the
motivational stories better. While the quick and cheap tests on the match of different kidneys
might not yield a full ranking on all kidneys the ranking they do provide should be transitive.
The same holds for the ranking of appartments based solely on newspaper listings. Transitivity is
often interpreted as “the” basic characteristic of rationality; consequently, the present definition
of k-sequential rationalizability represents a more moderate deviation from rationalizability than
does Manzini and Mariotti’s. Note that any choice function that is 2-sequentially rationalizable
is also an RSM; the converse does not hold.

It should be noted that subscripts of binary relations continue to denote different agents,
whereas the superscripts denote the different rationales applied by an agent. The statement
xPJy should be read to mean that agent 2 ranks x above y according to his third rationale.
Note that RSMs as well as k-sequentially rationalizable choice functions can either be defined
through complete lists of choices ¢(S5) for all subsets S C H or through the statement of the
rationales P7. If H contains more than 3 elements, the former approach turns out to be more
cumbersome than the latter. Therefore I will describe RSMs and k-sequentially rationalizable
choice functions on sets H with |[H| > 3 by a list of the rationales P/. To further save on
notation the preference statements a«P3, 3P~ and a P~ are sometimes summarized as aPGP~.

The following preliminary remarks are in order:

20



Remark 1 e Let ¢ be an RSM or k-sequentially rationalizable. If 2Py holds for some z,y
then z Py holds; the inverse does not hold.

o Let c: P({z,y,2}) — H be an RSM or k-sequentially rationalizable. Then c is either ratio-

nalizable or we have that c({a, 8,7}) = o, c({o, B}) = «, c({,7}) = v and c¢({5,v}) = 0
for {a, 3,7} = {z,y, z}. The unique k-sequential rationalization of c is SPy, yP2aP?3.

The following Lemma provides a preliminary step towards the characterization of P-Pareto

optima when all agents choice functions are RSMs or k-sequentially rationalizable.

Lemma 6 Let p € P — PO(E) and let all (¢;)ien be RSMs. Then there exists an i such
that p(i) = ¢;(H). If the choice functions (¢;)ien are k-sequentially rationalizable with k > 2

rationales, then no such i needs to exist.

Proof Let all ¢; be RSMs. Suppose there existed a u € P — PO(E) such that u(i) # ¢;(H) for
all agents i. For agent ¢ this implies that there either exists an o € H such that aPilu(i) or some
B € H such that 3P?u(i) where vP!3 does not hold for any v € H. In the first case, aP;u(i)
holds; in the latter case, BP;u(i) holds. So for each agent i, a house v(i) can be found such that
v(i)P;u(i). Define a function f : N — N that maps an agent i to the agent that is assigned
the house v(i), formally f(i) = u~'(v(i)). The finiteness of the problem implies that f"(i) =i
for some i € N and n < co. Also observe that n must be greater or equal 2 as no agent can
P-prefer his own assignment to his own assignment. Observe that the alternative allocation p’
with p/(i) = v(i) for all i such that f™(i) = i for some n and pu(i) = /(i) otherwise P-improves
upon p which constitutes a contradiction with p being P-Pareto optimal

To see that the claim need not hold for 3-sequentially rationalizable choice functions, consider

the following example:

Example 4 Let H = {x,y, z,w} and let the agent 1’s choice function be given by the follow-
ing (transitive) sequential rationales wPlz, zPZy, yPizPiw, yPx P}z, yielding the following

choice function ci:

Cl({iﬁ,y,Z,ZU}) =Y, Cl({l"y’ Z}) =7, Cl({fL‘,y,W}) =Y, 01({y,z,w}) =Y cl({:n,z,w}) =,
a({z,y}) =y, alz2}) =2, alz,w}) =2 a(yz}) =2 alyw})=y, a(zw}) =w.

Observe that x # ¢y (H) while for all a = y, z, w there exists a set S C H such that o,z € S

and z = ¢1(S); therefore, there does not exist an aw € H such that aPz.
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Assume that the choice functions of the other three agents differ from agent 1’s choice
function only insofar that house x switches roles with houses y, z, w respectively for agents 2,3
and 4. Consider u = (z,y, z,w). By construction, aP;u(i) does not hold for any i = 1,2,3,4
and o = x,y, z, w; therefore, the allocation y is P-Pareto optimal. Also observe that by the

construction of the choice functions, u(i) # ¢;(H) for all i = 1,2,3, 4.

0

Observe that Example 3 used in the proof of Theorem 2 uses choice functions that are
neither RSMs nor k-sequentially rationalizable. Based on this proof it cannot be claimed that a
“minimal” deviation from rationalizability suffices to show that SD(E) # P—PO(E) # TTC(E).
I investigate this question further in the next set of results. First I show that all statements of
Theorem 2 except for TTC(E) USD(E) € P — PO(E) hold for the case in which there are only

3 houses and agents and all these agents’ choice functions are RSMs.

Lemma 7 Let (N, H, (¢;)ien) be such that |[N| = |H| = 3 and ¢; is an RSM for i = 1,2,3.
Then R — PO(E) C SD(E) NTTC(E), SD(E) C P— PO(E), and TTC(E) C P — PO(E).
The inverse inclusions need not hold. The sets SD(E), TTC(E) need not be nested. Also
P —PO(&)=SDE)UTTC(E).

Proof The following example shows that TTC(£) € SD(E) C P — PO(E).
Example 5 Let the choice functions of agents 1 and 2 be given by

a({z,y,2}) =z, a(zy}) =z, ay,z}) =y, a({z,2}) ==
CQ({xayvz}) =Y, 02({:673]}) =Y, CQ({Q,Z}) =z, CQ({$7Z}) = Z.

Let agent 3’s choice function be rationalizable by x >3 y >3 2. Observe that the allocation
uw = (z,y,z) is P-Pareto optimal as there exists no o € {x,y,z} such that either aPjx or
aPyy. Next observe that (z,y,z2) = 7(&, (x,y,2)), so (z,y,z) € TTC(E). Finally, to see that
(z,y,2) ¢ SD(E), suppose there existed a hierarchy 7 such that ¢™(£) = (x,y, z). Observe that
7(3) = 1 cannot hold as agent 3 would choose z if he was to choose first. Observe that 7(1) =1
cannot hold as neither agent 2 nor agent 3 would pick their assignment under i as second movers

since c2({y, z} = z and ¢3({y, z}) = y. The case that 7(2) = 1 fails by the same reasoning.

The following example shows that SD(E) € TTC(E) C P — PO(E).
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Example 6 Let the choice functions of agents 1 and 2 be rationalizable by = >=1 y =1 z and

z =9 Yy =9 x respectively. Let agent 3’s choice function be given by

cs({z,y,2}) =y, sz w}) = v, es({y,2}) = 2, es({w, 2}) = 2.

Observe that the allocation (x,y, z) is P-Pareto optimal as agent 1 obtains his most preferred
house and houses y, z are not ranked by P3. Since ¢;(H) # ¢j(H) holds for all i # j, Lemma 3
implies that TTC(E) = {(c1(H),c2(H),c3(H))} = {(x, 2,y)} and therefore (z,y,z) ¢ TTC(E).
Finally observe that ¢™ () = (z,y, z) for 7(i) = 1.

To show the equality P—PO(E) = SD(E)UTTC(E), suppose that u = («a, 3,7) € P—PO(E).
We know from Lemma 6 that u(i) = ¢;(H) for at least one agent i. Assume without loss of
generality that p(1) = a. Next for («, 5,7v) ¢ TTC(E) both ca(H) # [ and c3(H) # 7 need to
hold. For (o, B8,7) ¢ SD(E) both ca({5,7}) # B and c3({B,7}) # 7 need to hold. Together,
these negations imply that vP and P57y, which in turn implies that («, 3,7v) ¢ P — PO, a
contradiction. So we must have that P — PO(E) C SD(E) UTTC(E). The inverse inclusion

follows from Theorem 2. O

The main positive result of the preceding Lemma, SD(E) UTTC(E) = P — PO(E), is very
fragile. Lemma 6 shows that not even the necessary condition for P—PO(E) C TTC(E)USD(E),
namely that at least one agent i is assigned the house ¢;(H) under a P-Pareto optimal u, has
to hold for choice functions that are k-sequentially rationalizable for £ > 3. This implies that
Example 3 in the proof of Theorem 2 could well be replaced by an example that uses only
choice functions that are 3-sequentially rationalizable. The question whether the result that
P —PO(E) C TTC(E) U SD(E) survives the minimal deviation from rationalizability to 2-

sequential rationalizability with more than 3 houses and agents implies that is addressed next.

Lemma 8 Fiz a housing problem ({1,2,3,4}, H, (ZZi)ien). Let (¢i)i=1,234 be 2-sequentially
rationalizable. Then P — PO(E) = TTC(E) USD(E) need not be true.

Proof The following housing problem with 4 houses and agents contains a P-Pareto optimal

allocation p that cannot be reached either via top trading cycles or via serial dictatorship.

Example 7 Let the choice functions of agents 1 and 4 be rationalizable by = »=; y »=; z >=; w

for i = 1,4. Let the choice functions of agents 2 and 3 be sequentially rationalizable by

xPyy, rPywPyz, zPiyPiw
yPjz, yPixzPjw, wPizPir.
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Observe that the allocation u = (z,y, 2z, w) is P-Pareto optimal. To see this, suppose that
some ' did improve upon p. Since agent 1 obtains p(1) = x, his most preferred house, it must
be true that u(1) = p/(1) = x. Next observe that the only house that agent 2 would P-prefer
to y, his assignment under , is . Therefore we must also have that u(2) = p/(2) = y. Finally
an exchange of the assignments of agents 3 and 4 does not P-improve upon u as agent 3 does
not P-rank houses z and w.

Next observe that p cannot be obtained through a serial dictatorship. To see this observe
first of all that ¢;(H) = (i) only holds for agent 1, so he would have to go first. Next observe
that ¢;({y, z,w}) = (i) only holds for agent 2 so he would have to go second. Finally observe
that neither c3({w, z}) = z nor c4({w, z}) = w holds, so neither of these two agents would choose
1(7) as the third mover. Consequently, p cannot be obtained as the result of a serial dictatorship.
The argument that pu ¢ TTC(E) follows along very similar lines: Suppose p = (z,y, 2z, w) was
reachable via top trading cycles. Since ¢;(H) = p(i) only holds for ¢ = 1, agent 1 is the only
agent who can leave the mechanism in the first round. By the same argument the second round
of top trading cycles must consist of agent 2 and house y. Finally, since c3({w, z}) = w and
cs({w, z}) = z, neither one of the two would be assigned (i) in the third round. For the example
we have that SD(E) UTTC(E) € P — PO(E).

g

It needs to be concluded that the restriction to sequentially rationalizable choice functions
does only minimally change the results of Sections 3 through 6. Nearly all examples used in the
proofs of the results of these sections are 2-sequentially rationalizable, in other words, nearly
all examples deviate only minimally from rationalizability, in the sense that the sequential ap-
plication of at most 2 (transitive) rationales suffices to construct these examples. Only the
proof of Theorem 2 needed a minor revision. In Lemma 7 I showed that the subset relation
TTC(E) U SD(E) C P — PO(E) is never strict when restricting attention to 3-house 3-agent
problems in which all choice functions are RSMs. This result already fails for housing prob-
lems with 4 agents. A restriction to sequentially rationalizable choice functions is therefore not
sufficient to obtain the equality P — PO(E) = TTC(E) U SD(E). To obtain mechanisms that
would make the entire P-Pareto set reachable, we would either have to impose some stronger
restrictions on the deviation from rationalizability or consider some alternatives to serial dicta-
torship and top trading cycles when sticking to sequential rationalizability. In the following two
subsections I consider some more deviations from rationalizability. In the conclusion I quickly

discuss the latter approach.
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7.3 Rationalizability by Game Trees

Xu and Zhou [21] introduce and axiomatically characterize the notion of rationalizability
by game trees. A choice function is rationalizable by a game tree if there exists an extensive
form game with multiple players such that every choice can be explained as the subgame perfect

outcome of that game.

Definition 7 A choice function c is rationalizable by game trees if there exists a game tree
G such that
c(S) = SPNE(G|S;(2)jes) for all S C H

where G|S is the reduced tree of G that retains all branches of G leading to terminal nodes in
S, J is a set of players, 7Z; is player j’s linear order over all terminal nodes in G, and SPNE(-)

~,

stands for the subgame perfect outcome of the game.

Choice functions that are rationlizable by game trees might be very relevant for the analysis
of mechanisms with collectives as agents. Consider standard housing problems with families
as agents. If these families do not succeed in establishing transitive preference orders over all
houses, but if their decision can instead be analyzed as the subgame perfect outcomes of games
played within the family, then it would be appropriate to consider choice functions that are
rationalizable by game trees. The same holds for the case of kidney exchange mechanisms when
entire teams of doctors need to decide on which kidney should be chosen for which patient. It
is therefore important to check if and how the results of the current paper would change if one
was to restrict attention to choice functions that are rationalizable by game trees.

Apesteguia and Ballester [2] show that any choice function that is rationalizable by a game
tree is sequentially rationalizable by k rationales, where sequential rationalizability by k ra-
tionales as defined by Apesteguia and Ballester differs from k-sequential rationalizability as it
is defined here in that the rationales P’ are not required to be transitive. It is important to
note that the one type of non-rationalizable choice function for a set H containing just 3 al-
ternatives that can be explained as an RSM or a 2-sequentially rationalizable choice function
is also rationalizable by a game tree. Consequently the gist of the results in this paper also
holds for choice functions that are rationalizable by game trees. Lemmata 2 and 3 as well as
Theorems 1 and 3 directly translate to this case. Theorem 2 only holds in its modified form
given in Lemmata 7 and 8. It should be immediately apparent that Lemma 7 also holds for the
case of choice functions that are rationalizable by game trees since this results only concerns the
case of |H| = 3.
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Given that an example with 4 houses was needed to show Lemma 8, it is not immediately
apparent whether all P-Pareto optimal allocations are reachable through either serial dictator-
ship or top trading cycles when considering only choice functions that are rationalizable by game
trees. To see that the result also holds for the more restricted set of choice functions it needs to
be shown that the choice functions used in Example 7 are rationalizable by game trees. Observe
first of all that the choice functions of agents 1 and 2 are rationalizable and therefore rational-
izable by game trees. Observe next, that the other two agents choice functions are identical up
to a renaming of alternatives. It is therefore sufficient to show that agent 2’s choice function is
rationalizable by a game tree. To see that this holds true consider a game tree with two nodes,
as given in Figure 1. Player a first gets to choose whether to end the game with = or y as the
final outcome or to continue the game. If he continues the game player b can end the game
with either w or z as the final outcome. The player’s preferences over the outcomes are given
by the linear orders: >, z =4 ¥y =q w and w =4 2 > © =3 y. It is easy to check that this tree
generates the same choices as do the sequential rationales zPyy, xPjwP}z, zP2yPw given in
Example 7. What is more, this game tree has only two players and two nodes. While I don’t
intend to formally define yet another measure of the distance between rationalizable choices and
choices that are rationalizable by game trees, it should be clear that however one defines such
a measure, the minimal deviation from rationalizability would have to allow for (at least) two
players and two nodes. The notion of rationalizability by game trees is more restrictive than
the notion of k-sequential rationalizability. This reinterpretation of Example 7 disappoints this
hope, that all P-Pareto optimal allocations would be reachable through either serial dictatorship
or top trading cycles when restricting attention only to choice functions that are rationalizable
by game trees. Game trees with only 2 nodes and 2 players suffice to construct housing problems
that have P-Pareto optimal allocations that cannot be reached by either one of the two discussed

mechanisms.

7.4 Other Deviations from Rationalizability

In this section I provide reasons why some deviations from rationalizability do not appear in the
present analysis even though they have gained prominence in the literature on decision theory.
Baigent and Gaertner [3], for instance, characterize the behavior of agents that always choose
the second best according to some predetermined linear order. This might potentially lead to
different results as there is exactly one kind of choice function over a set of 3 houses {z,y, z}

which is given by (up to renaming of houses)

c({z,y,2}) =y, c{y,2}) =2 c({z,2}) =2 c({z,9}) =v.
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This choice function is not sequentially rationalizable. What is more, the one type of choice
function used in the above examples that is not sequentially rationalizable (in Example 3) cannot
be explained as the choices of an agent who always chooses the second best.

There are two reasons why I did not investigate how the results of the main body of the
paper would change if we would restrict attention to agents that always choose the second best.
First of all Baigent and Gaertner [3] motivate their study by various examples according to
which agents derive some form of social esteem from not picking the best option: An agent who
decides to pick the largest piece of cake runs the risk to appear greedy. “Pupils in class may
be reluctant to offer an answer to a question first; party goers may be reluctant to be the most
elegantly dressed or present their host with the most expensive bottle of wine; residents may
not wish to drive the most luxurious car in the street.” (Baigent and Gaertner [3] p. 241) I
could not think of convincing stories that would make such a desire to appear modest relevant
in typical housing problems. Moreover, in many typical housing problems there is no underlying
shared order over all alternatives that could guide such considerations of modesty. Take kidney
allocation mechanisms as an example. Kidneys of younger and healthier donors are probably
always preferred to these of older and less healthy donors. But the much more important question
is one of fit. A doctor that has the right to choose first in a serial dictatorship mechanism does
not necessarily render a service to the remaining patients by choosing the second best kidney
for his own patient; the first best kidney for one patient could be the worst for another. In
any case, the relevance of the social esteem motivation is questionable within the framework
of anonymous mechanisms. In short, it is doubtful whether this behavior is very relevant for
typical mechanisms.

The second reason not to extend the present results on the properties of mechanisms in the
case when agents choose the second best is that this choice behavior would allow for much more
stringent definitions of preference and Pareto optimality than the ones used in the main body of
the text. If the underlying orders are indeed shared by all agents, as is in the case of objectively
smaller or bigger pieces of the cake, the question for Pareto optimality even becomes trivial; any

allocation would then be Pareto optimal.

It also has to be mentioned that there is a large set of choice theories that do not necessarily
yield choice functions but rather multi-valued choice correspondences. Eliaz and Ok [5], for in-
stance, provide an axiomatic characterization of choice correspondences that can be rationalized
by transitive but not necessarily complete binary orders. While I consider the study of mecha-
nisms when agents have incomplete preferences very worthwhile and relevant this subject goes

beyond the scope of the present paper. In the present paper I generalized housing problems and
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housing markets in exactly one dimension by replacing the assumption of linear orders on all
available houses with the assumption of choice functions. Allowing for choice correspondences
would amount to yet another step of generalization. It would then be appropriate to compare
the results of standard housing problems with preferences that allow for indifferences to some
results for housing problems with general choice correspondences. The study of this important
question should go hand in hand with the further development of the theory of housing problems

with preferences that are complete and transitive without necessarily being asymmetric.

8 Conclusion

One of the questions that remains open is whether there exist any practicable mechanisms
that can reach the entire P-Pareto optimal set of a housing problem. In Section 7 I showed
that a restriction to sequentially rationalizable choice functions or even choice functions that
are rationalizable by game trees does not help matters for problems with more than 3 houses:
some P-Pareto optimal allocations cannot be reached by either serial dictatorship or top trading
cycles.

What about other mechanisms? Papai [14], for instance, defines a large set of sequential
choice mechanisms that differ by the initial ownership of houses and the rules for the inheritance
of these houses; serial dictatorship and top trading cycles are both embedded in this set. Any
allocation that is reachable by a mechanism in this set has the feature that at least one agent
is allocated his choice out of the grand set of houses. Lemma 6 can, therefore, be used to show
that there are P-Pareto optimal allocations that cannot be reached by any of the mechanisms in
the large set of mechanisms defined by Papai, even when restricting attention to k-sequentially
rationalizable choice functions: While there are P-Pareto optimal allocations such that no agent
is assigned his choice out of the grand set, no such allocation can be reached through one of the
mechanisms suggested by Papai.

Alternatively one could find a notion of Pareto optimality that is nested between R- and
P-Pareto optimality. Note that the concepts of R- and P- preference were defined without any
reference to particular decision procedures or contexts. When restricting attention to particular
deviations from rationalizability such as sequential rationalizability or rationalizability by game
trees, it might be possible to use some of the information about these procedures to derive an
intermediate notion of preference. It could well be that all the Pareto optima according to this
notion of preference are reachable through either serial dictatorship or top trading cycles.

Next observe that no results on strategy-proofness of allocation mechanisms, such as the

results by Roth [16] and Ma [11], appear in the present paper. Standardly a mechanism is
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considered strategy-proof if no agent can obtain a better assignment by misrepresenting his
preference. The first problem with the question whether a mechanism is strategy proof in the
present context is that it is not clear what would constitute a “better assignment”. We could
probably again use the notions of P- and R- preference to define this notion. The bigger problem
lies in the interpretation of non-rationalizable behavior. In this paper I advocate the idea that
non-rationalizable behavior should particularly be expected if agents do not have the time or
resources to come up with a complete choice function or a complete ranking on all available
alternatives. The leading example was that of some doctors who use a procedure to pick a
kidney from a set without establishing a complete and transitive ranking on all kidneys. A
translation of the notion of strategy-proofness to the present context would require that no
agent could get a P- (or R-)preferred assignment by misrepresenting his choice function. So
that any such agent should not only know his choice function, which as argued above, is maybe
too strong an assumption for the present context. What is more, in addition to knowing the
entire choice function the agent should understand how the outcome of the mechanism would
change for all possible alternative statements of his choice function. In short, the assumptions
on self-knowledge and rationality embodied in question of strategy-proofness do clash with one
of the main motivations for non-rationalizable behavior underlying the present study

Probably the most interesting venue for research is to take the intuition behind the introduc-
tory story about the doctor’s decision process more seriously and to assume that some kidneys
are objectively better than others for a patient but that it is costly to precisely learn the ranking
over all the kidneys. In more general terms, it could be assumed that agents have (complete and
transitive) preferences over objects but that it is costly to discover these preferences. The allo-
cation mechanism would then interact with some strategic information acquisition. Interesting
results on the comparison between serial dictatorship and top trading cycles should be obtain-
able. Suppose agents can choose to acquire costly information at any stage in the mechanism.
In a serial dictatorship, agents can very economically tailor their information acquisition invest-
ment to establish choices that are relevant; each agent is called to choose only once and when he
is called to choose he knows the entire set of alternatives he can choose from. Conversely, in the
top trading cycles mechanism there is a danger for wasteful information acquisition. According
to that mechanism each agent is called to state a choice from the grand set of alternatives, but
not every agent is assigned that choice. If agents invest into information acquisition in the first
stage some agents will overinvest in information acquisition. Consider the scenario in which
some objects « and (3 are assigned in the first top trading cycle and in which agent ¢ still stands

empty handed after that first cycle. If agent ¢ has acquired some costly information about the
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relative ranking of o and ( then this information was of no use to him as he was not assigned
either one of them in the first cycle. Additionally, the information is of no further use as the two
objects are no longer available in any of the following cycles. Conversely, if no agent acquires
any information about the ranking of objects in the first top trading cycles, the agents that are
assigned an object in the first cycle might later regret not having invested in some information
acquisition.

Many interesting and related questions arise very quickly: how do the two mechanisms
compare if preferences of agents are correlated? How do they compare if all information on
preference rankings has to be acquired before the mechanisms are played? What is the optimal

mechanism given that information about rankings is acquired endogenously?
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